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I. INTRODUCTION

In chemistry, as in any other science, there are two kinds of experiments. One in-
volves qualitative observation, or perhaps semiquantitative measurement, and is per-
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formed to permit giving a yes-or-no answer to some question such as "does this com-
pound contain an amino group?" or "does this substance exhibit significant
bacteriostatic activity?" The other involves precise quantitative measurement and is
performed so that some numerical value can be assigned to a quantity or physical
parameter that characterizes the system being studied or the kind of behavior being
observed.

To those engaged in experiments of the second kind, it is a sad but fundamental
truism that there is scarcely any quantity of interest that can be measured directly.
Distances, times, volumes, electric currents and potentials, pH values, temperatures,
the radiant powers of beams of radiation, and many other kinds of quantities are
amenable to direct measurement, but it is not often that any of these has any real
significance. The chemist who measures the volume of reagent used in a titration has
no interest in that volume and measures it merely because it can be used to compute
the amount of some substance contained in the solution being titrated. The values of
equilibrium and rate constants, and of constants or near-constants of proportionality
(such as molar absorptivities, polarographic diffusion current constants, and equiva-
lent or molar conductances among many others), all have to be deduced from the
values of other quantities that can be measured. The same thing is true of the values
of most other physical constants, including standard and half-wave potentials, wave-
lengths of maximum absorbance, half-lives, standard changes of enthalpy, and many
others.

Fortunately, there are many cases in which it is easy to convert a value of a measured
quantity into a value of the desired quantity. Instruments that combine observations
of radiant powers to yield a value of the absorbance have been available for a long
time; instruments that combine this result with a preset constant of proportionality to
yield a value of the concentration of the absorbing species are now becoming fairly
common. The distinction between measurement and calculation will become blurred
as microprocessors proliferate.

This review is devoted to situations in which a number of different measurements
have been made so that a much smaller number of desired quantities can be evaluated.
These situations are of two kinds: those in which the evaluation is straightforward and
those in which it is not.

The evaluation of a wavelength of maximum absorption is usually (however, see
Eriksson et al.1) an example of the first type. One obtains a number of values of the
absorbance, each at a different wavelength, and combines these to obtain a plot of
absorbance against wavelength. On this plot, the wavelength at the maximum is easy
to locate by visual inspection. The evaluation of the volume of reagent required to
reach the point of maximum slope on a potentiometric titration curve is equally
straightforward in principle, although it is a little more complex in execution. One
obtains a number of values of the potential E of an electrochemical cell, each at a
different volume V of added reagent, combines these values to obtain values of the
second derivative A2E/A V2, and interpolates between these to find the value of V at
the point where A2£/A V2 is equal to zero.

The characteristic feature of all cases of this first type is that one is not concerned
with the nature of the relationship between the independent variable (which is of course
the wavelength in the first example and the volume of reagent or the generation time
in the second) and the dependent one (the absorbance or the cell potential). In locating
a wavelength of maximum absorption, one rarely pays any attention whatever to
whether the absorption band is Lorentzian, Gaussian or even grossly asymmetrical or
malformed. The technique of locating a point of maximum slope on a potentiometric
titration curve is the same regardless of whether the curve is nearly symmetrical around
the equivalence point or markedly asymmetrical.
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420 500

FIGURE 1. (a) Schematic absorption spectrum for a mixture of two absorbing
substances; (b) and (c) spectra of these substances individually. The short vertical
lines mark the wavelengths of maximum absorption, which are 440 and 460 nm for
the individual components but 446 and 458 nm for the mixture.

Every silver lining has a cloud. It is convenient and simple to avoid taking the nature
of the relationship between the variables into account, but doing so sometimes leads
to an incorrect or meaningless result. Figure 1 shows a familiar example in which the
overlapping of two absorption bands causes the wavelengths of maximum absorption
of a mixture to differ from those of its separate components.

By far the most difficult and vexing problems, however, are those that arise in cases
of the second type, in which the relationship between the variables must be known and
used in order to evaluate the desired quantity. An especially striking example was pro-
vided by Carr and Jordan 2 and Carr.3 These authors considered the titration curve
that is obtained when a concentrated solution of reagent R is added at a constant rate
to a much more dilute solution of a substance A, with which R reacts in a simple
irreversible second-order reaction:

A + (1)

If the rate constant A: were extremely large, a plot of cP, the concentration of P, against
time would b e / -shaped. Plots of this shape are common in thermometric, spec-
trophotometric, amperometric, and other kinds of titrations (in which the addition of
reagent is usually incremental, rather than continuous, to facilitate the attainment of
equilibrium after each addition). If k is finite, the shape is more complex. Carr and
Jordan 2 succeeded in obtaining an equation that describes the dependence of cP/c °A

on time. Values of this ratio, in which c °A denotes the initial concentration of A, are
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easily obtained from experimental data (by correcting the measured increase of tem-
perature, absorbance, limiting current, or other signal at each point for dilution and
dividing the corrected value by the one that corresponds to the final horizontal segment
of the curve). The equation is

(2)

1 +

where p is a dimensionless parameter that combines the rate constant k and other
quantities (c °A and the rate of addition of R) whose values are known to the experi-
menter; t* is the time required to reach the equivalence point, and this can be calculated
a priori for any experiment.

Consider an experiment that is performed with the aim of securing a value of k.
Since the relationship between [} and A' will be known, this aim is equivalent to that of
evaluating p. It is not difficult to obtain values of cp/c °A at different times. If the
reaction is known to be a simple irreversible second-order reaction, these data must
conform to Equation 2, in which p is the only unknown quantity. How does one eval-
uate pi More fundamentally, how does one obtain assurance that the data conform
to Equation 2 — and hence that the reaction does have the mechanism described by
Equation 1 — within the precision that the data are believed to have? If one concludes
that Equations 1 and 2 are not correct, how does one choose the next hypothesis to
test?

Multiparametric curve-fitting — a term which the writer now regrets having coined"
for what the statistician would call "nonlinear regression analysis," but which is ap-
parently being adopted by other chemists5 — and deviation-pattern recognition are
techniques that help the chemist to cope with problems and questions like these. It is
to them, and to some still newer techniques based on them, that this review is devoted.
Multiparametric curve-fitting may be defined as a technique for finding the values of
any number of parameters, in an equation of any form, that yield the best fit to that
equation for any particular set of experimental data. Deviation-pattern recognition
employs those values to generate a plot whose shape may either confirm or disprove
the validity of the hypothesis that the equation is applicable to the data and, in dis-
proving it, may point the way to another equation that will yield a better and more
satisfactory fit.

As far as I know, deviation-pattern recognition was developed in my own labora:

tory, although the utility of the deviation plot, on which it is based, for the simpler
purpose of indicating whether systematic errors are present or absent, is so widely
recognized that an international organization has recommended its use for the presen-
tation of numerical data.6 The chemical use of nonlinear regression has a much longer
history. Thanks to Sille'n and his students and colleagues, much of our knowledge
about the compositions and stabilities of hydroxo complexes of metal ions is based on
it, and several very general computer programs for work in the area of ionic equilibria
have been written and described at length.7"10 There are a number of other computer
programs for effecting nonlinear regression in a very general way, and there are also
many ad hoc programs that have been written to cope with particular equations. A
long list of citations might be assembled, and those given here will be illustrative rather
than complete.

One of the main purposes of this review is to argue that nonlinear regression is such
a powerful and versatile technique for handling chemical data that few chemists can
afford the luxury of not using it. The reader is justified in wondering why, if there is
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anything to this argument, the technique is not already much more widely used than
it is. There are several reasons why it is not. One is that textbooks and monographs
on statistics and chemistry hardly mention nonlinear regression although they may
discuss linear regression at considerable length. In the days when desk calculators
reigned supreme, linear regression was relatively simple while nonlinear regression was
forbiddingly complex, and it is quite understandable that the potentialities of the latter
were ignored as long as they were so difficult to achieve. Another reason is that clas-
sical statistics was developed by mathematicians, biologists, and others who have seen
the availability and utility of theoretical equations in a light quite different from that
in which they would be seen by the chemist or physicist. The authors of the sentence
"Faced by nonlinear regression, one often has no knowledge of a theoretical equation
to use" were biological statisticians unaware of the uses that chemists could find for
the technique; the author of the sentence "Chemists in this field have already published
far too many 'theoretical' papers that are useless because there is no way to apply the
equations to experimental data" was a chemist unaware of the techniques that statis-
ticians could provide for accomplishing the purposes he discerned.

There are other reasons as well. For a long time after digital computers became
available, the great majority of programs for effecting nonlinear regression were writ-
ten for specific purposes and required large computers. Most of them would have had
to be more or less drastically modified to serve other purposes, and chemists were
naturally apt to be unwilling to expend the time required to make these modifications,
or to write wholly new programs, unless they had already been persuaded that nonlin-
ear regression would be useful in their own work. Moreover, though there are no
longer many chemists who do not have access to a large computer, some delay and
expense are often entailed in obtaining it.

To meet all these reasons head-on at once, and also in the hope of keeping the length
of this review within reasonable limits, I have tried to restrict it to applications that
are feasible on a minicomputer. Indeed, it is largely based on work that has been done
in my own research group. This of course has the disadvantage of overemphasizing
our own interests and their importance, but it has two compensating advantages. One
advantage is that it simplifies my task in presenting the development and interrelation-
ships of the different stages that have been reached. The other advantage is that it
enables the reader to judge what might be done with his own programming experience
and computing facilities. Few of my collaborators had any extensive knowledge of
programming when their work in this area began, and our computer is a PDP8/I op-
erated in a multiuser configuration that provides us with a user area of only 4096
words.

I shall begin with a brief review of linear regression, in which I shall try to explain
the dangers and limitations that beset it. I shall argue that using it correctly is so much
less simple than it appears to be that nonlinear regression usually represents an easier
and more straightforward approach to the problems with which analytical and physical
chemists are concerned. I shall then give a very brief description of the technique of
nonlinear regression, which will be aimed at showing how simple its concepts are rather
than at describing the details of any particular procedure. Then I shall describe some
of its applications, beginning with its relatively straightforward use for evaluating the
parameters that appear in theoretical equations and continuing through progressively
more complex uses to the exciting new development of fully computerized procedures
for the qualitative interpretation of quantitative data.

II. LINEAR REGRESSION

The basic tenet of least-squares calculations is that the "best" values of the param-
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eters appearing in any equation are those that minimize the sum of the squares of the
deviations of the values of the dependent variable calculated by means of that equation
from the corresponding measured values. The distinction between linear and nonlinear
regression is based on the form of the equation. In linear regression, the equation is
linear with respect to every one of the parameters being evaluated. (Linearity with
respect to the independent variable is irrelevant.) A few of the equations that are ame-
nable to linear regression are

y = a + bx (3a)

v = a + bx + ex2 (3b)

y = a + b/x + c log x (3 c)

In nonlinear regression, the equation is nonlinear with respect to at least one parame-
ter, as are the equations

y = ae-bx (4a)

y = a(l -e-bx) + c x (4b)

v = a + b log (x + c) (4c)

Equation 2 is nonlinear with respect to /?, and the equation that describes the pH during
the titration of a strong acid with a strong base is nonlinear with respect to most of its
parameters.

It is usually assumed, in both linear and nonlinear regression, that the values of the
independent variable(s) are exactly known but that those of the dependent one are
afflicted by random errors of measurement. For many experiments, this is a reasonable
assumption. There are ways of allowing for possible random errors in the values of
the independent variable(s), but these will not be described here.

There are two different kinds of random errors that can be defined exactly, and
there is a third that cannot. The first kind includes errors whose absolute values are
not only randomly distributed but also independent of the value of the variable they
afflict. Errors in weighing are likely to be of this kind. If there is a standard error of
±s mg in weighing an object whose weight is lg, the standard error in weighing a 50-g
object is likely to be indistinguishable from s mg provided that both weighings are
made under the same conditions: by the same operator exerting the same care in using
the same balance, and so on. Similarly, the uncertainty in reading a deflection from a
curve recorded with a strip-chart recorder does not usually depend on whether that
deflection is 10 or 100 mm. The uncertainty in measuring a pH value does not usually
depend on whether that value is equal to 2 or to 10.

The majority of chemical measurements are of this kind, but the requirement that
the conditions must be the same is nontrivial, and whether it is satisfied is sometimes
not easy to assess. The standard error of weighing begins to increase as the weight of
an object becomes high enough to deform the knife edges and bend the beam of the
balance being used. The standard error of a deflection on a recorded chart increases
dramatically for deflections exceeding full scale. The standard error of measuring a
pH value equal to 10 may become very large if the buffer capacity of the solution is
very small at that point or if the electrode exhibits a large cation error in weakly alka-
line solutions.

The second class comprises random errors whose values stand in some fixed propor-
tion to the quantities they afflict. For this class, it is the relative standard error that is
independent of the measured value. An example might arise in measuring the resistance
of a thermistor with an auto-ranging digital voltmeter. At 25°, the resistance might be
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read as 5000 Q and might have an uncertainty of ± 2 Q. At 50°, it might be read as
500.0 Q, and the circuitry of the meter might give rise to an uncertainty of ± 0.2 Q; at
75°, the reading might be 50.00 Q and the uncertainty ± 0.02 Q. Again there is a tacit
assumption that the conditions are the same, which in this example implies that the
temperature coefficient of resistance of the thermistor and the precision with which
its temperature is controlled do not vary with temperature.

The third class includes random errors for which neither the absolute nor the relative
value is independent of the quantity being measured (or, by extension, of the inde-
pendent variable). In the example just given, the resistance of the thermistor would lie
between 1000 and 9999 Q over the range of temperatures from about 17 to about 42°C.
If the measurements were confined to this range, it would be reasonable to assume
that the standard error was independent of resistance or temperature. However, if the
measurements extended from 17 to 60°C, the absolute value of the standard error
would change from 2 £2 in one portion of the range to 0.2 Q in the other, while the
relative standard error would vary from 2/9999 (or 0.2/999.9) to 2/1000. It would be
necessary either to take one or the other of these variations into account in the calcu-
lations, or to disable the auto-range circuitry and accept a constant uncertainty of ± 2
Q in each one of the measurements. Similarly, there are some spectrophotometers that
yield values of transmittance for which the absolute standard error is independent of
transmittance. However, if these values are converted to absorbance, they yield a set
of values in which neither the absolute nor the relative standard errors conform to the
fundamental assumption that a least-squares fit entails. This means that, if data ob-
tained with such an instrument are to be used to evaluate the rate constant of a pseudo-
first-order reaction in which an absorbing reactant disappears, a least-squares fit must
be to the equation

T = exp (e-fc ' In To) = 70
exp <-*« (5a)

rather than to the equation

A = A a e k t (5b)

The two forms are mathematically equivalent, but they will not yield identical values
of k if there is any random error whatever in the data. Under the conditions described,
nonlinear regression onto Equation (5a), assuming that the standard error of measure-
ment is independent of T, will yield the correct value of k. Even nonlinear regression
onto Equation (5b) will yield the wrong value unless great pains are taken. The nature
of these pains will be mentioned in a later paragraph of this section. .

Suppose that it is desired to fit a set of data x,,y,; x2,y2;...; xn,yn to the simple equa-
tion y= bx. Suppose further that a consideration of the apparatus and techniques used
in making the measurements indicates that the standard error of each measurement is
independent of the value of y, so that the absolute errors can reasonably be supposed
to be normally distributed throughout the whole set of data. What is sought is the
value of the parameter b that mininizes the sum of the squares of the deviations of
the calculated values of y, represented by the symbol y/lCa,c, from the corresponding

n

m e a s u r e d v a l u e s . T h i s s u m i s s (y iy c a i c - y ^ 2 '
i = 1

At the desired minimum

[ £ ^i.catc -y/1* j

= 0 (6)
db

I
I
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Since the values of y,,c,tc will be obtained from the equation y,)C.;c = bx,,

d ( - I>i, calc - >i-l1 ) dH&x, - j , ] 2 +|6*2 - > ' J ' + - • • J

= 2 ( b x t - y l ) x i + 2 { b x 1 - y i ) x 2 + . . .

By equating this expression to zero, it is easy to show that the desired value of b is
given by

. (7)

If, however, the measurements have been made in a way that makes it reasonable to
suppose that the relative errors in y are normally distributed, Equation 6 must be re-
placed by

'C3lc

)
o {8)

and this immediately raises the question whether it should be y, (the experimental
value) or yitCou that appears in the denominator of the quantity whose square is
summed. ". No matter how this question is answered, it is clear that the best value of
b in this situation will not be the one described by Equation 7.

Expressions for the best values of a and b in the equation

y = a + b x (3a)

appear in many handbooks; those for the best values of a, b, and c in the equation

y = a + bx + c .v2 (3b)

appear in a few. For any such equation, the expressions are easy to derive. With Equa-
tion 3a, one would perform two differentiations to obtain separate descriptions of

and

/ = 1

Equating these to zero yields two equations that involve both a and b and are easy to
solve. The procedure becomes more complex as the number of parameters increases,
but it remains simple in principle. It is this simplicity that is responsible for the wide-
spread use of linear regression.

There are, however, some pitfalls that must be avoided in using it, and there are
many scientists who have not succeeded in avoiding them. Two common pitfalls will
be discussed here. I do not want to overstate the case and shall therefore say at once
that both can be avoided, and those whose primary concern is with techniques for
handling data are.well aware of the precautions that are necessary and sufficient. My
argument is that many chemists, being preoccupied with experimental and theoretical
problems, are unaware of the precautions and therefore fall into error and confusion,
and that the precautions are not always easy to take.
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One common danger can be illustrated by supposing that a chemist wishes to evalu-
ate the rate constant of the first-order reaction

(9)

and measures the absorbance A of a reaction mixture, under conditions such that A is
proportional to the concentration of unreacted starting material, at a number of dif-
ferent times t. For the sake of convenience it will be assumed that the data are obtained
with an instrument constructed in such a way that the absolute errors in the absorbance
values are randomly distributed; as was said above in connection with Equation 5, this
assumption has to do with the natures of the instrument and the experimental proce-
dure rather than with the nature of the problem. What is desired is to find the best
value of k in the equation

A = Ao e " * ' (5b)

where Ao is the absorbance at the instant of mixing.
Since Equation 5b is not linear with respect to k, linear regression is not applicable

to it as it stands. Textbooks on statistics point out that it can be rewritten in the math-
ematically equivalent form

In A = In Ao -k t (10)

which is of the form y = a + bx, with y = In A, a = In Ao, b = —A', and x = t.
The pitfall consists of using the standard equations of linear regression to evaluate b
and setting Jt equal to —b.

A chemist who was conscientious enough to analyze a set of data by both least-
squares and graphical procedures might detect the problem by constructing a plot like
the one in Figure 2.* This is definitely concave upward at long times, possibly because
of stray light, an error in making the zero-transmittance setting, suspended matter in
the solution, an unexpected complexity in the mechanism, or some other reason. The
least-squares result is represented by the dashed line, and this clearly does not provide
a satisfactory fit to the data. It might be observed that the experimental data do con-
form closely to a straight line over approximately a full decade: after some agony with
a straight edge, the experimenter might decide to use only the points up to (and includ-
ing) the one shown by the solid circle.

This is inefficient almost to the point of absurdity. It involves a good deal of time,
trouble, and judgment, and it sacrifices the objectivity that one hopes to obtain from
the least-squares procedure. If carried only a little farther, it is capable of producing
a value of k that is based on the slope of a line from which the points begin to deviate
after the reaction is only 50% complete — that is, the value of a pseudo-first-order
rate constant for a reaction that does not obey pseudo-first-order kinetics.

To discover the source of the difficulty, one need only recall the fundamental as-
sumption that the errors in y are randomly distributed. The widely quoted equations
describing the best values of a and b in a fit to the equation y = a + b x are obtained
by assuming that the absolute error in any value of y is independent of y. This is
equivalent to assuming that, if the value y = 0 has a standard error of ± 0.001, the
value of y = -2.3 also has a standard error of ± 0.001. Since y = In A, these pairs
of figures correspond to a standard error in A itself of ± 0.001 absorbance unit if A
= 1 but to a standard error of only ± 0.0001 absorbance unit if A = 0.1. Beginning
with a decision that the standard error of A is independent of A, we have been led

• I am indebted for these data to two former undergraduate students at the Polytechnic Institute of Brook-
lyn.
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FIGURE 2. The circles show absorbance-time data conforming to Equation 5b but decaying to
a finite value of the absorbance rather than to zero, and with a small superimposed random error
of measurement. The dashed line shows the result of linear regression onto Equation 10 and
corresponds to k = 0.0186. The thin solid line is obtained graphically by ignoring all the points
beyond the one shown by the solid circle, and corresponds to k = 0.0202. Nonlinear regression
onto Equation 5b, using all of the points, gives Jt = 0.02029.

into the tacit assumption that the standard error of A decreases as A itself decreases;
linearizing Equation 5b has changed the precisions that are being assigned to the
points, and the points for which A is smallest assume a disproportionate weight be-
cause their precisions are now grossly overestimated.

The other pitfall would arise if, in exactly the same situation, the measured absorb-
ances were due to the product P rather than to the starting material A. They would
then be described by the equation

A= (1 - e -kt) (lla)

where Am is the absorbance measured at a time so long that the reaction is virtually
complete. One linearized form of this equation is

In (A^-A) = ln A»-kt (lib)

which is of the form y = a + b x with y = In (AM - A), a = In Am, b = —k, and x
= t. Values of y can be obtained by measuring A after a very long time has elapsed,
equating this to A^, subtracting each of the measured values of A from it, and taking
the natural logarithm of the difference. The common equations for a and b may now
be applied. The pitfall is that the value of A^ obtained from the fit (= e*0 never
coincides exactly with the measured one used in computing the values of y. I have seen
more than one competent chemist hiding the difficulty from himself by the simple
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expedient of calculating b but not a. Clearly, however, it makes no sense to assign
different values to Am on the two sides of Equation l ib , or to trust the value of k
that results from doing this.

In these two examples, it is the second pitfall that is easier to avoid. One must guard
against the possibility of assigning two different values to the same quantity. Since
Equation 1 lb provides no protection against this, it is not a useful equivalent of Equa-
tion lla, and instead one must write

In (1 — ) = -k t (lie)

This is of the form y = b x, and one could calculate the best value of b (= — k) from
Equation 7 if the standard error in In (1 -A/A^) were independent of A — which
will not usually be true. Some linearized forms of nonlinear equations are legitimate,
but others are not, and the experimenter must be alert to the difference.

The first pitfall is much less easy to avoid even in this simple case. The problem is
that the points are given incorrect weights in the linear regression procedure, and it
can be solved by introducing a "weighting factor" that compensates for this. The form
of the weighting factor depends on the equation used and can be deduced in the follow-
ing way. The value of A- is sought that minimizes the sum " , and
this is given by the simultaneous equations r ^Ai, caic ~ Ai>

/= l

I E Wi.
= 0 (12a)

and

I Z locale- Ai^ J
= 0 (12b)

d k

The standard error of A,, assumed to be independent of A , is given by

n - p
(13a)

where n is the number of values or data points employed, and p is the number of
parameters being evaluated; the difference n - p is called the number of degrees of
freedom. If s (̂ is evaluated by comparing the results of a number of replicate measure-
ments, their mean is the only parameter that can be evaluated, and consequently p =
1; however, in this example p = 2 because both Ao and k are being evaluated.

Similarly, the standard error of y,, which is assumed to be constant and independent
of y in performing ordinary linear regression onto the equation y = a + b x, is given
by

I = 1
(13b)

n-p
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12 CRC Critical Reviews in Analytical Chemistry

and again p = 2 because there are two parameters (a and fa) to be evaluated. Equations
13a and 13b can be combined to yield

_ 3
n A/ n
y ( \ _ A \* = V (v. , _ v i 2 (14)

, *• i", calc i' j . ~ yj^i, calc }i' K '

The ratio of variances on the right-hand side of Equation 14 is given by

2

(15)

Since y = In A, dy/d A = I/A and 9 A/d y = A. Combining this result with
Equation 14 and then with Equations 12a and b yields

f . f x ' •*7, calc

= 0 (16a)

and

= 0 (16b)
d fc

Treating Equation 16b in the same fashion as Equation 6 gives

( . ^ ,̂?,? locale-

d k

( / l j [ I n Ao - f c f , - . y , ] 2 + M^ [ l n . 4 o - k t2 - y, J 1 + . . . 1

_ _

d U j [ a - f c f , - y j * + A\ [a-k t , - y , l s + . . . )

d~k =

J ( a - A : / , - ^ , ) ( - r , ) + 1 4 * ( o - * f , - > , ) ( - f , ) + . . = 0

(17)

from which an equation linear in both a and k will eventually emerge. Another such
equation can be obtained by treating Equation 16a in the same way, and expressions
for a and k can be obtained by solving these two simultaneous equations. It is the
factor At 2in each term of Equation 17 that is the weighting factor. In general, as can
be seen from Equation 15, the weighting factor is equal to (9 Y/dy)2, where Y is the
dependent variable whose values are measured, and y is the independent variable re-
sulting from the linearization.

Not all equations are as easy to linearize as Equation 5b, and the weighting factor
may be very much more difficult to evaluate than it is in this rather simple example.
There are some nonlinear equations that are easily amenable to linearization followed
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4 6
Cm5 of HCI

8

FIGURE 3. The circles show experimental data obtained by Barry in a titration of 79.98 cm3 of
0.015849 Fpotassium acetate with 0.16914 Fhydrochloric acid in the presence of 3 Fpotassium
chloride. The solid line shows the best fit that can be obtained to the seven-parameter equation
pH = a + i i V + c V ! + d V 1 + e V + f^ + f V . According to this best fit, the point of
maximum slope is reached when V = 7.547 cm', whereas the equivalence point lies at V = 7.494
cm3 (and the point of maximum slope is know to precede the equivalence point for a titration of
this type.) The solid line has a positive slope for V > 9.4 cm3; there are situations in which the
pH of a solution can be increased by adding acid to it, but this is not one of them. (Nonlinear
regression onto the titration-curve equation (cf. Reference 31 for details) gave 0.015849 Ffor the
concentration of potassium acetate, in exact agreement with the expected value.)

by weighted linear regression, but nonlinear regression is always a simpler and more
convenient approach if the skeleton of a program for effecting it is available.

With these caveats I shall leave linear regression after adding one somewhat biased
paragraph. In my opinion, polynomial equations like y = a + b x + c x2 + ... have
been used far more often than they deserve to be, for there are few theoretical relation-
ships having this form. Figure 3 presents an especially horrid example, which was ob-
tained by fitting data obtained in a potentiometric titration of acetate ion with hydro-
chloric acid to a seven-parameter equation of this form. The fit is bad, the values of
the parameters have no physical significance whatever, and the equation does not yield
satisfactory values for either the volume at the point of maximum slope or the pH at
the start of the titration. Most chemists probably share Manfred Eigen's opinion that
"with four independently adjustable parameters you can fit an elephant," but there
are only two possible interpretations of Figure 3. One interpretation is that a potenti-
ometric acid-base titration curve is not an elephant; the other interpretation is that the
opinion is incorrect. Gutknecht and Perone12 were unable to secure good fits to sta-
tionary-electrode voltammograms with an empirical equation involving eight inde-
pendently adjustable parameters, and this is the common experience. Even when such
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fits suffice for interpolation or smoothing, they are unlikely to produce enlightenment
because the values of the parameters are not amenable to physical interpretation. Of
course, the same thing would be true of nonlinear regression onto empirical equations:
the utility of nonlinear regression arises from the fact that it is based on theoretical
equations. It makes possible the evaluation of physically meaningful parameters in
equations that, like Equation 2, are so complex that it would be forbiddingly difficult
and time-consuming to obtain and solve the equations that describe the best values of
the parameters.

III. NONLINEAR REGRESSION

A. Basic Concepts
It is convenient to regard nonlinear regression as representing the converse of the

procedure by which one calculates a theoretical curve. In doing that, one assigns cer-
tain values to the parameters appearing in the equation that is to be used and then
computes the value of the dependent variable y that corresponds to each of a number
of more or less arbitrarily chosen values of the independent variable x. In nonlinear
regression, the values of x and y are given, and the problem is to compute the values
of the parameters that gave rise to them.

Several different principles can be employed in constructing a computer program to
effect nonlinear regression, and the programs that have been written vary widely in
sophistication and complexity. As far as the user is concerned, they all consist of three
parts. One part contains the coordinates of the data points — that is, the values of x
and y that are being fitted to the equation. Another part is a subroutine to solve that
equation, accepting a set of values of the parameters furnished to it by the main body
of the program and combining them with the successive values of x to obtain a set of
calculated values of y. These two parts of the program must be written by the user.
The third part, with which they are combined, compares the calculated values of y
with the measured values to find the value of the sum of the squares of the deviations
or "error sum" — which may simply be the sum of the squares of the deviations,

n

- (*"/,caic ->'P' , if the standard error of measurement is independent of the value
/ = 1 n

of y, or the sum of the squares of the relative deviation, ( y'>calc ~ y' ] if

the standard error of measurement is proportional to y — and adjusts the values of
the parameters in ways that tend to minimize this sum.

Figure 4 shows how a very simple program might be employed to find the best value
of (i from a set of experimental data that conformed to Equation 2. The solid curve is
a schematic representation of the "error surface," which is a O'+ l)-dimensional plot
of the error sum against the values of the parameters, j in number, that are being
evaluated. This error surface is two-dimensional because /? is the only parameter that
governs the relationship between the independent variable t and the dependent one cP/
c °A. Beginning with some arbitrary initial estimate of /? — such as p = 1 — the values
of the error sum might be computed both for this estimated value p, and for a slightly
smaller or larger one /?, + Ap. Combining these, it would be found that the error
surface had a positive slope at p = /},. This means that the minimum lies at some value
of p that is smaller than p,. Accordingly, the original estimate p, might be divided by
some arbitrarily chosen factor / to obtain a second estimate p2. The slope of the error
surface at p = Pi would then be obtained by evaluating the error sums for p = Pi and
P = Pi + A/3. If this were still positive, the minimum would lie at some still smaller
value of p, and a third estimate p3 might then be obtained by dividing p2 by /. In Figure
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I

FIGURE 4. Schematic representation of a two-dimensional error surface, illustrating the oper-
ation of a simple program designed to locate the minimum.

4, however, the slope is negative at ft = p2. The change of sign of the slope between /?
= [it and fi = Pi might be made to cause a decrease in the value of /— for example,
by taking the cube root of the preceding value — and cause the third estimate p3 to be
produced by multiplying the preceding one p2 by the new smaller value of /. In Figure
4, this yields a positive value of the slope of the error surface at P = /33 . Because the
sign of the slope has changed once again, the value of / would be decreased again,
and a fourth estimate p4 would be obtained by dividing p3 by this newly decreased
value of /. The process might be stopped when /had been decreased to some value —
such as 1.0001 — so close to 1 that further approximations were not worth performing,
or when round-off errors caused the slope to become indistinguishable from zero.*

Some little trouble might be entailed in constructing the main body of the program
so that it would do the things I have described; however, this is the province of the
author, rather than the user, of the program. The same thing is true of the additional
trouble that would be necessary for the procedure to cope with multidimensional error
surfaces. Since my interest is in the ways in which nonlinear regression can be made
to serve the chemist's purposes rather than in the ways by which it can be effected, I
shall not discuss these problems or the solutions that have been found to them. Pro-
grams employing different techniques and varying widely in both sophistication and
complexity (and consequently in the size and cost of the computer facility needed to
run them and also in the time that their execution consumes) are already available,
and new ones continue to appear. My purpose here is simply to show that, despite the
rather large amount of numerical computation involved, there is no mystery about the
basic concepts.

A natural reaction to the claims that have been made for nonlinear regression is to
ask "How is it possible to evaluate so many parameters at once? Do computations of
three — or four, or five, or even more — values have any real significance?"

The curve in Figure 5 represents a polarogram — a plot of the current flowing

* I am not aware of any program constructed along exactly these lines, but one resembling it in some
aspects is cited in Feldberg, S., Klotz, P., and Newman, L., Inorg. Chem., 11,2860,1972.
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-0.4 -0.6
E, V

FIGURE 5. Schematic polarogram showing a single wave.

-0.8

through a dropping mercury electrode against the applied potential imposed on an
electrochemical cell having some reference electrode, such as a saturated calomel elec-
trode, as its second electrode. I have simplified it in two ways: by ignoring the oscilla-
tions of current caused by the periodic growth and fall of the mercury drops and by
ignoring the residual current that would flow even in the absence of the dissolved
substance that is responsible for the wave.

Generally, polarographic waves obey the equation

E = Ein - S' log, (18a)

in which / is the current that flows at the applied potential E; El/2 is the half-wave
potential, a parameter whose value depends on the identity of the substance responsible
for the wave, the composition of the solution in which it is dissolved, and the temper-
ature and certain other experimental conditions; uiX is the limiting diffusion current,
which is the limiting value that i approaches at applied potentials, so much more neg-
ative than £,/j that the half-reaction occurring at the dropping electrode proceeds vir-
tually to completion; and S' is a parameter that is equal to the Nernstian factor 2.303
R T/ nF if the half-reaction is thermodynamically reversible, but that differs from this
if it is not.

The traditional procedure for evaluating u, E ,/2, and S' begins with a measurement
of u i at a sufficiently negative potential. This is combined with the values of i at
various points to compute the corresponding values of logio (i/[ij,i-i\) and E is then
plotted against these. The resulting "log plot" is a straight line whose slope is equal
to S' and whose intercept (at logio [i/(L,i~ 01 = 0) is equal to Em. Three independent
parameters have been evaluated. The equivalent procedure consists of nonlinear regres-
sion onto an alternative form of Equation 18a:
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-0.4 -1.0

FIGURE 6. Schematic polarogram showing two well-separated waves.

'•d.l

e x p ( [ £ - £ • . , , ! IS)
( 1 8 b )

where, for convenience, S = 0.434 S ', E is the independent variable, / the dependent
one, and id>l, Em, and Sare the three independent parameters.

Figure 6 shows a more complicated example, which consists of two waves. Here,
the two limiting diffusion currents idt,tl and idti>2 would be evaluated separately as
shown in the figure, and two separate log plots, one for each wave, would be con-
structed to provide values of four other parameters: EU1 ,, S \, Ein 2, and S '2. The
nonlinear regression procedure would be based on the equation

1 =
'd, I. 2

exp (\E-EU2 i 1 + exp [ (E-Eini)/S2]
(19)

which involves the same six parameters.
Finally, Figure 7 shows the result of including the residual current, which varies

linearly with E over the range depicted. The traditional procedure consists of drawing
a linear extrapolation of the initial segment of the recorded curve. It is true that the
experimenter is unlikely to pay any attention to the slope and intercept of the line, but
the assumption that it is linear and the extrapolation nevertheless have the effect of
assigning values to these. Now /, idll and id>lf2 are measured in the fashion shown,
and two separate log plots are constructed as before. In all, eight parameters are eval-
uated, just as in nonlinear regression onto the equation

' * t, 1 'd, 1, 2

1 +exp 2 i I 1 + e x p ( [ £ - - f I / 2 1 ]
+ b (f* - E) (20)

where E* is the potential at which the residual current is equal to zero, and b is the
slope of the residual-current curve. No one with any polarographic experience would
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-0.4 -1.0

FIGURE 7. Schematic polarogram showing two well-separated waves and differing from Figure
6 by the inclusion of a residual current that increases linearly as the applied potential becomes
more negative.

turn a hair at being asked to evaluate these eight parameters from the curve in Figure
7, and it should be no surprise that the same eight parameters can be evaluated in a
different way.

The advantage of the nonlinear regression procedure over the graphical one would
be modest in dealing with a curve like the one in Figure 7. Values of / at a number of
different applied potentials E would have to be read from the curve in either case,—
unless a digital data-acquisition system had already stored them in the core of a com-
puter, in which event the user of the graphical procedure would have to retrieve them
from the computer, whereas the user of nonlinear regression would not. The graphical
procedure would entail performing the extrapolation, which may consume a good deal
of thought if the initial linear segment of the curve is short; it would also entail con-
structing two plots and deciding how best to represent each by a straight line. The
nonlinear regression procedure would involve typing Equation 20, and possibly also
the coordinates of the data points, on a key punch or teletype. This is less time-consum-
ing, and it gives more objective results by eliminating opportunities to make wrong or
dubious decisions. Of course, these advantages often have to be weighed against the
cost of the computer time involved.

Thus, the two procedures are more or less comparable when they are to be applied
to a curve like the one in Figure 7. For a curve resembling that in Figure 8 they are
not at all comparable. It is easy to perceive that there are two waves on this curve,
and it is also easy to measure the sum of their limiting diffusion currents. However, it
is not at all easy to obtain reliable values of id,i,i and id>i,i individually; these are needed
not only for analytical purposes but also for constructing the log plots needed for the
evaluation of Em and S'. A log plot for the overall wave would do little more than
confirm that there are two waves involved.13 Ways of going beyond this point have
been devised'"-" but they are so complex, and most of them require such detailed
information about the ways in which the currents for the two individual substances
depend on potential, that they are rarely, if ever, employed in practical analysis. Worse
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-0.5 -0.9

FIGURE 8. Schematic polarogram similar to Figure 7 but with a difference of
only 60 mV between the two half-wave potentials, instead of 200 mV as in Figure
7.

yet, the possession of that information implies that the identities of the substances are
known and, consequently, that the analyst is helpless if they are not. The difficulty
has been largely responsible for the development of a host of other techniques, such
as square-wave polarography, in which improved resolution has been sought at the
expense of simplicity of instrumentation.

In the same situation, nonlinear regression still involves nothing more than fitting
the data to Equation 20 if the values of / have not been corrected for the variation of
the residual current with potential, or to Equation 19 if they have.

The straightforward applications of nonlinear regression to chemical problems can
be divided, for convenience, into two groups. One group comprises situations in which
the data reflect the behavior of a single substance or process and in which the problem
is to evaluate a limited number of parameters in an equation so complicated that it
would be difficult or impossible to manipulate in any other way. The evaluation of
the rate constant contained in Equation 2 is a typical example. The other group com-
prises situations in which two or more substances or processes contribute to the behav-
ior that is observed and in which the problem is to resolve their individual contribu-
tions. Applications belonging to this group usually involve the evaluation of more
parameters than those belonging to the first group. The evaluation of the diffusion
currents, half-wave potentials, and log-plot slopes for the two overlapping waves in
Figure 8 is a typical example.

B. Some Simple Applications
To illustrate the differences among the various kinds of data treatment that I have

mentioned, I shall discuss the data obtained in an experiment18 in which a known
constant current was passed through a known electrical resistance immersed in water
in one of the two vessels of a differential twin calorimeter. The temperature of the
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500
AT

FIGURE 9. Graphical analysis of the data shown in Table 1.

water rose as time elapsed, and the difference AT between this temperature and that
in a reference vessel was sensed by means of a pair of matched thermistors connected
in a Wheatstone-bridge circuit whose output voltage was amplified and presented to a
Y-T recorder. The time rate of change of AT is described by the differential equation

A (AT) k
= - e (A T) + ? 7Qd f

(21a)

in which the value of k can be computed from the known values of the current and
resistance. Integration of Equation 21a gives an explicit equation for AT as a function
of the time t:

A r = -£_ (l -e" e f ) (21b)

These equations contain two unknown parameters: the Newtonian heat exchange con-
stant £, and the effective thermal capacity Q of the contents of the vessel being heated
by the flow of current.

Equation 21b is nearly immune to conventional methods of data treatment, but
Equation 21a can be used in either of two ways. Addicts of graphical approaches might
obtain pairs of values of d(AT)/dt and AT by numerical differentiation of the data in
the first two columns of Table 1. For example, the average values of d(AT)/df during
the interval 3 < t < 13 is equal to (71.24 - 17.25)/(13-3) = 5.399 ydeg s"1, while the
average value of AT during the interval is equal to (71.24 + 17.25)/2 = 44.25 ^deg.
On plotting d(AT)/df against AT, one should obtain a straight line having a slope equal
to - t and an intercept equal to k/Q. Such a plot is shown in Figure 9. There is some
scatter of the points, because each of the values of AT is somewhat uncertain and
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TABLE 1

Data Obtained in Calibrating a Calorimetric Cell

r,s

3

13

23

33

43

53

63

73

83

93

103

113

123

133

143

AT, udeg

17.25

71.24

124.91

177.30

229.05

279.21

328.40

376.32

423.60

470.24

516.88

562.57

606.97

650.42

691.63

f,s

8

18

28

38

48

58

68

78

88

98

108

118

128

138

A T, fideg

44.25

98.08

151.10

203.18

254.13

303.80

352.36

399.96

446.92

493.56

539.72

584.77

628.70

671.02

d(A7ydf

5.399

5.367

5.239

5.175

5.016

4.919

4.792

4.728

4.664

4.664

4.569

4.440

4.345

4.121

Note: Experimental conditions are outlined in the
text.

because the uncertainty in each value of d(AT)/df exceeds the uncertainties in the values
of AT from which it is obtained. This scatter leads to difficulty in drawing a straight
line through the points, but the one shown in Figure 9 might eventually result. Addicts
of linear regression, on the other hand, would prefer computing the values of the slope
and intercept after a similar numerical differentiation.

The user of nonlinear regression would surely prefer to use the original data together
with Equation 21b, and would thereby avoid the loss of precision that the numerical
differentiation entails.

Table 2 shows the values of t and Q that are obtained from these data in these three
ways. The graphical procedure, based on Figure 9, yields a slope that is in error by
about 5% and an intercept that is in error by about 0.7% as compared to the values
obtained from nonlinear regression, whose correctness is shown by the fact that they
yield the smallest standard deviation from regression. Linear regression is superior to
the graphical procedure because it yields more nearly correct values of both.

At this point, the experimenter might ask how well the values obtained for the pa-
rameters served to reproduce the data — or what the internal consistency of the data
was, which is really the same question in a different form when there is no uncertainty
about the model employed. Using the three different sets of parameters in conjunction
with Equation 21b to compute a value of AT at each experimental point and then
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TABLE 2

Results of Different Procedures for Handling the Data in Table 1

Values of the Parameters Standard devia-
tion from regres-

Procedure £(s") Q (cal deg"1) sion(ndeg)

Graphical 1.80 x \0" 40.6s 1.25
Linear regression 1.909 x 10"3 40.42 0.96
Nonlinear regression 1.908 x i0"J 40.35 0.60

obtaining the standard deviation from regression from the differences between these
computed values and the measured ones, one obtains the results shown in the last
column of Table 2. Although the values of t. and Q obtained from linear regression
seem very close to the truth — and, indeed, would probably be indistinguishable from
the truth for the majority of purposes — they lead to a serious misrepresentation of
the internal consistency that has been achieved. That these values are not quite equal
to the best ones is shown by the fact that they lead to a higher standard deviation from
regression than the one obtained from nonlinear regression. With the values obtained
graphically, the misrepresentation is even more serious. In addition, it would scarcely
be possible to obtain reliable estimates of the uncertainties in the values of the param-
eters from the graphical procedure and something less than straightforward to obtain
one from the linear regression procedure.

Reasons for these things can be discerned but will not be discussed here. My point
is that nonlinear regression is advantageous, even in a very simple case where alterna-
tives to it can be perceived, not only because it yields the best values of the parameters
and the best estimate of the adequacy of the fit, but also because it does so with the
least prior algebraic and numerical manipulation.

In many other cases where alternative techniques for handling the data are available,
it will be found that the experiments can be greatly simplified by the use of nonlinear
regression. A value of the thermodynamic dissociation constant of acetic acid was
obtained by Maclnnes and Shedlovsky" in the following way. They measured the con-
ductances of solutions of acetic acid at various total or analytical concentrations (c)
and calculated values of the equivalent conductance .A. HOAC. (According to current
IUPAC recommendations this should be called the molar conductivity.) Since there
was no way in which these could be used to estimate the fraction a of the acetic acid
that is dissociated at any particular value of c, they performed similar measurements
with solutions of hydrochloric acid, sodium acetate, and sodium chloride. Extrapolat-
ing the equivalent conductance of each of these electrolytes to infinite dilution made
it possible to compute the equivalent conductance at infinite dilution for acetic acid

( 2 2 a )

A preliminary estimate of the ionic concentrations c, in a particular solution of acetic
acid could then be obtained from the Arrhenius relation

c, = ct ( Js_H0Acl -AIHOAJ <22b>

This is only approximate because interionic attraction and electrophoresis would cause
the equivalent conductance of acetic acid at any finite concentration to be smaller than

VMC even if the acid were completely dissociated. Hence equations that repre-
sent the dependences of _ / V _ HCI, _ _ / \ _ NaOAc< and _ A _ NaCI on concentration were
used to compute the equivalent c o n d u c t a n c e _ / \ _ , HOAc of hypothetical completely
dissociated acetic acid at the concentration c,, and this was combined with the equation
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(22c)

to yield a second and better estimate of c,. When a value had been obtained that did
not change on further iteration of this process, it was used to compute a value of the
concentration constant Ka>c

aC

[H+] [OAc-l c)

[HOAc]

Finally, the desired value of the thermodynamic constant Ka was secured by extrapo-
lation to infinite dilution

Ka = lim Ka c (22e)

Plainly, this involves a great deal of work, much of it devoted to measurements of
the conductances of three electrolytes that were uninteresting in themselves. By nonlin-
ear regression one can evaluate Ka without employing these other data, so that three
fourths of the experimental work could have been avoided. The procedure is based on
the equations

°H*aOAe f ,» • (23a)

"HOAc ct - C{

y±* = exp (-2.3432 c,-"2 / [ 1 + 0.3286 ac ; "
J ] ) (23b)

in which yt is the mean ionic molarity activity coefficient and a the distance of closest
approach, and the Shedlovsky equation"

J\-e,HOAc = 1^'HOAC
 + Bc> d " 0-2289 c,"') -

60.19 ci
in (23c)

There are four parameters to be evaluated: Ka, a, _A_°«CMC, and the Shedlovsky
parameter B. At the start of a calculation the preliminary estimates of Ka and a can
be combined with Equations 23a and b to obtain a value of c- by successive approxi-
mation.1 This can then be combined with the preliminary estimates of A "HOAC and
Band with Equation 23c to evaluate A . »n*r. Finally, A «n.r can be computed
from Equation 22c for comparison with the experimental value. It is the programmer's
responsibility to arrange matters so that the estimated values of the parameters are
adjusted, in successive cycles of computations, in ways that will minimize the sum of
the squares of the deviations of the calculated values of A HoJr from the experi-
mental ones.

On the molarity scale, the result obtained by Maclnnes and Shedlovsky" was Ka =
1.753 x 10*5, whereas the one obtained from potentiometric measurements by Harned
and Ehlers21 at almost the same time was 1.749 x 10~5. The difference, though not very
large, cannot be attributed to experimental error — even now the literature contains
few data as precise as these — and, therefore, it has generally been concealed by ex-
pressing the potentiometric results on the molality scale, which gives Ka = 1.754 x
10'5. The nonlinear regression procedure, which would have obviated the necessity for
three quarters of the experimental effort, gives Ka = 1.7488 x io~5 on the molarity
scale. Extended comment hardly seems necessary.
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3. THE LIMITING CURRENT
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FIGURE 10. Polarogram of 0.9 mM vanadium (V) in
0.1 F sodium hydroxide. (From Meites, L., Polaro-
graphic Techniques, 2nd ed., Interscience, New York,
1965,153. With permission.)

Situations in which unnecessary experimental work can be avoided by using nonlin-
ear regression are so common that I shall mention two others. Figure 10" shows a
polarogram of vanadium (V) in a supporting electrolyte containing 0.1 M sodium hy-
droxide. The plateau is poorly defined because the reduction of sodium ion begins to
proceed at an appreciable rate before it is reached. One wishes to evaluate the limiting
diffusion current. The lines AA,...,DD in the figure represent one graphical method
of doing this. It is not very satisfactory; with a wave as badly defined as this one, it
would be unlikely to yield results having a relative precision better than ± 5 to 10%.
The traditional approach to this problem has been to record a separate residual-current
curve, which would be a polarogram of a similar solution of sodium hydroxide con-
taining no vanadium (V). This would be nearly identical with the curve in Figure 10 at
applied potentials around —1.5 V; at slightly more negative applied potentials it would
begin to rise exponentially as the rate of reduction of sodium ion increased. One could
then subtract the residual current from the total current measured in the presence of
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vanadium (V) at each of a number of applied potentials. The difference would ap-
proach the desired value of the limiting diffusion current as the applied potential be-
came more negative. Unfortunately, its uncertainty would increase at the same time:
at very negative potentials it would be a small difference between two large numbers.
A relative precision of approximately ± 3 to 5% might be reached in this way. Few
polarographers would be sanguine about the reliabilities of the values of the half-wave
potential and the Nernstian parameter S (Equation 18b) that might be obtained by
conventional logarithmic analysis even after such corrections for the residual current
had been made.

The residual current has two components: one that varies almost linearly with the
applied potential and is due to charging of the electrical double layers around the
successive drops of mercury, and another that varies exponentially (if the applied po-
tential is not too negative) and is due to reduction of sodium ion. The first of these
components is represented by line DD in Figure 10. Correction for it can be made
easily without recording a separate residual-current curve. The resulting corrected val-
ues can then be fitted" to the six-parameter equation

a-' + i' exp (k [£"-£•] ) (24)
1 + exp ( [E - Et

where the first term represents the current due to the reduction of vanadium (V) while
the second represents that due to the reduction of sodium ion. In the latter, ;" denotes
the current due to the reduction of sodium ion at the arbitrary applied potential E.
Analyses of four replicate polarograms in this way gave values of idt, having a relative
standard deviation of only 1.3% and values of EUz and S having absolute standard
deviations of only 6 mV and 1.6 mV, respectively. These standard deviations are a
little higher than those (0.6%, 4 mV, and 1.2 mV) obtained from three-parameter fits
to Equation 18b after correcting for the residual current by point-by-point subtraction
with the aid of separately recorded residual-current curves. However, the values them-
selves were so nearly identical (e.g., 0.2% in idl) that the correction, and the additional
experimentation that must be done to make it possible, merely save computer time at
the expense of operator and instrument time.

One of our articles of faith is that a titration provides a value of the volume of
reagent that is needed to reach the end point, but that the amount (or concentration)
of the substance with which it has reacted cannot be found unless the concentration
of reagent is determined separately. Barry et al." showed that this is untrue. They
titrated solutions of potassium acetate with hydrochloric acid in the presence of 3M
potassium chloride to keep the activity coefficients and liquid-junction potential con-
stant, and used a glass-electrode pH meter to obtain 12 to 20 points evenly spaced
along the titration curve from its start to the point where a 25% excess of acid had
been added. The titration curve is described by the equations

and

PH = - log

^a, C +

(vH+ I*

b b

n )

- Vaca \

)

[ in v"Ca Ka.C

+ Va
= 0

(25a)

(25b)

where Vb° is the initial volume and cb° is the initial concentration of the acetate solution;
Va, the independent variable, is the volume of acid added; ca is the concentration of
the acid; K. c is the concentration dissociation constant of acetic acid defined by the
first equality in Equation 22d; and yHt is the apparent single-ion molarity activity coef-
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TABLE 3

Results Obtained in Titrations of an Unknown Solution with an Unstandardized Reagent

Parameter

Concentration
ofOAc-,Af

Concentration
ofHCl.Af

Found

9.9072xl0-3

0.16918

Relative standard
deviation of a sin-

gle value (To)

0.19

0.16

Actual value

9.923, xlO-]

0.16914

Relative
of the

-0.16

+ 0.02

error
mean

)

ficient of hydrogen ion. Both Ko,c and yH+ depend on the temperature and on the
concentration and identity of the supporting electrolyte, and of course KafC also de-
pends on the identity of the acid being titrated.

Taking Vb° as the only one of these parameters whose value is known a priori, Barry
et al." used the date obtained in 11 titrations to evaluate the other four parameters.
The results, which are shown in Table 3, should be considered in the light of the facts:
that acetate ion is so weak a base, and these solutions are so dilute, that the relative
standard error of locating the point of maximum slope is approximately 0.9% and
that this point precedes the equivalence point by 0.4%. Both the accuracy and the
precision of a determination of acetate by titration with unstandardized acid are better
than can be achieved in the ordinary way. The accuracy and precision of a standard-
ization of hydrochloric acid by titration of an unknown amount of acetate are at least
as good as can be achieved by separate titrations of accurately measured amounts of
pure substances whose properties make them suitable for use as primary standards. It
is therefore a mere waste of time, effort, and materials to standardize the reagent
separately.

These examples show that the use of nonlinear regression can make it easier to use
data to obtain the values of physical quantities that those data were intended to provide
and also that it can make it easier to obtain the data by decreasing the amount of
experimentation that must be performed. Finally, it can enable the experimenter to
design experiments of new types or to obtain kinds of information that have been
impossible to extract from experiments of familiar types.

Multiple-standard-addition potentiometric analysis with ion-selective electrodes be-
longs to the first of these two classes.25 The electrode is immersed in V° cm3 of a
solution containing an unknown concentration (c° M) of the ion to which it responds,
and its potential is measured. Some volume (V,,, cm3) of a solution containing a known
concentration (c, M) of the ion is added, the potential is measured again, and this
process is repeated until n additions have been made. Assuming the potential to be
described by the equation

E = E" + S log, 0 c (26a)"

where c is the total concentration of the ion corresponding to the measured potential
E, one can obtain

V c" + 2 VsJ cs

£• = £••' + 5 log,0 —
n
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Equation 26b can be handled by Gran's graphical method if the value of S is known"
but both this value and that of the formal potential E0' are apt to vary from one
unknown to another unless the compositions of their supporting electrolytes are iden-
tical. By nonlinear regression Brand and Rechnitz25 achieved a relative error of only
0.8% in the analysis of an 0.01 M solution of chloride, using a chloride-ion selective
electrode for which S was simultaneously found to be equal to -58.06 mV as against
the theoretical value of -59.15 mV. Isbell et al.27 employed an electrode selective for
silver ion to determine this ion both by standard addition and by titration with stand-
ard chloride, treating the data with a nonlinear regression program especially written
for the purpose. (Unlike all the other programs used in the work described in this
review, this program employed a procedure originally devised by Deming28 and Went-
worth29-30 for taking into account the effects of errors in the independent volume and
other quantities — such as the concentration of a separately standardized reagent —
that are commonly treated as constants free from error.) They obtained' results about
equally accurate by the two methods of determination: the uncertainty of the result of
the standard-addition method was higher, but this could be attributed to a difference
in the experimental procedures employed.

Like many other conclusions based on these techniques of data treatment, this is
surprising and, indeed, even contradictory of beliefs so long and firmly held that they
have become almost instinctive. It is common knowledge that the accuracy and preci-
sion of direct potentiometry are inferior to those of potentiometric titration; that po-
tentiometric titrations are necessarily based on stoichiometric reactions; that they can-
not succeed unless there is a reasonable jump of potential around the equivalence
point; and that they entail knowing the concentration of the reagent in advance. The
first two of these four articles of faith have been shown to be unnecessary by Brand
and Rechnitz25 and by Isbell et al;27 Barry and Meites31 disproved the third by achieving
ing results of reasonable accuracy and precision in titrations of acetate ion with hydro-
chloric acid at concentrations so low that the titration curve shows no inflection point;
and, as was discussed above, Barry et al.24 demolished the fourth by showing prior
standardization to be unnecessary. Clearly the whole field of potentiometry and poten-
tiometric titrimetry needs re-examination, for its scope and limitations must be very
different from those generally attributed to it.

A fundamental credo of similarly long standing in the field of polarography is that
it is impossible to measure the individual heights of two waves on a single polarogram
unless the two half-wave potentials are fairly well separated. The exact meaning of
"fairly well separated" has been formulated differently by different authors, and spe-
cial techniques have been devised14"17 that will yield results of moderate accuracy even
if the difference between the two half-wave potentials is as small as 40 mV. Most of
these techniques demand that the characteristics of the substances giving rise to the
waves be accurately known from prior experiments with separate solutions under ex-
actly the same conditions as those used in obtaining the polarogram of their mixture.
To perform such experiments, one must know the identities of the two substances.
Much of the literature of polarography has been devoted to this problem, and a num-
ber of techniques related to polarography — including, among others, linear-sweep
voltammetry and square-wave polarography — owe some of the attention they have
received to the belief that they would prove advantageous in dealing with it. By nonlin-
ear regression onto Equation 15, Meites and Lampugnani23 were able to secure values
of the limiting diffusion currents that were within 5% of the truth for a mixture of
two substances having half-wave potentials that are identical within 1 mV. Without
any prior calibration data whatever, they also secured values of the two half-wave
potentials and the two Nernstian factors that were virtually identical with the ones
reported in the prior literature, and that consequently would have served for the iden-
tification of the two substances if these had been unknown. This was an extreme and
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somewhat artificial case, because the two substances gave very different values of S.
More often, neither the values of 5 nor those of Ein would be much different, and
then nonlinear regression would yield results too uncertain to be of any practical use.
It would be foolish to suppose that nonlinear regression will provide the answer to
every problem. It would be equally foolish to ignore its ability to provide answers to
problems that other techniques cannot solve.

Of the same general type is the demonstration by Ingman et al.32 that mixtures of
formic and acetic acids, formic and propionic acids, and acetic and propionic acids
can be analyzed for their individual constituents with satisfactory accuracy by applying
nonlinear regression to data secured in potentiometric titrations with standard base.
Mixtures of acetic and propionic acids are the most interesting because the values of
pKa for these acids (4.757 and 4.874, respectively, at 25°C) differ by less than 0.12
unit. Consequently, there is no inflection around the equivalence point for the titration
of acetic acid, and, in classical terms, it is impossible to resolve the two overlapping
stages of neutralization. With solutions containing 0.2 mmol of acetic acid and 0.8
mmol of propionic acid, three titrations gave relative mean errors of +4.5% in the
amount of acetic acid, of —1.2% in the amount of propionic acid, and of —0.07% in
their sum.

The following paragraphs are addressed to those who have had some experience
with regression techniques and are interested in ways of applying them. Readers chiefly
interested in their possible utility may turn directly to Section III.C.

It stands to reason that decreasing the number of parameters being evaluated, by
employing previously determined values of some of these, will increase the accuracy
that is attained in evaluating the adjustable ones. Unfortunately, there are propositions
that are no less self-evident but are nevertheless untrue, and it is therefore necessary
to inquire into the truth of this one. The evidence bearing on its truth includes some
observations by Barry and Meites.31 These authors performed potentiometric titrations
of acetate ion, at concentrations ranging from 0.10 to 6.5 x 10"5 M, with hydrochloric
acid of known concentrations. They began by fitting their data to Equation 25, evalu-
ating three parameters: the concentration (cb°) of acetate ion being titrated, the concen-
tration dissociation constant(AT0)C) of acetic acid, and the apparent single-ion molarity
activity coefficient of hydrogen ion yHt. As long as cb° exceeded 2.5 x 10"3M, the values
obtained for it were accurate and precise to a few hundredths of a per cent, while the
values obtained for pATO)C (= 4.883 ± 0.003) and log yH* (= 0.239 ± 0.005) were
constant within a few thousandths of a unit and independent of cb°. At lower concen-
trations, the computed values of cb° exceeded the expected ones: for example, solutions
known to contain 6.45 x 10"5 M acetate were found on the average to contain 1.19 x
10"4 M acetate. At the same time, the computed values of pKafC and log yH* became
dependent on cb°, changing from the ones quoted above to 4.412 and 0.283, respec-
tively, with 6.5 x 10"5 M acetate. On the ground that the best values of these two
parameters were those independent of concentration obtained at the highest concentra-
tions, the data were again subjected to one-parameter fits in which Ka<c and yHt were
taken to be known constants, so that cb° was the only unknown quantity being evalu-
ated. These gave slightly poorer results at the highest concentrations, but yielded an
average of 5.3 x 10*5 M for the concentration of the 6.45 x 10'5 M solution and thus
decreased the absolute value of the relative error from 84 to 19%. On this basis they
recommended replacing as many as possible of the adjustable parameters with constant
values deduced from experiments under the most favorable conditions.

Since then, Murtlow33 and Murtlow and Meites34 also used 3M potassium chloride
as a supporting electrolyte in potentiometric titrations of mixtures of hydrochloric and
acetic acids with standard base, found it to contain a basic impurity, and identified
this as hydrogen carbonate ion. It was present at a concentration of approximately 6.1
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x 10"5 M, surprisingly close to the error in the results of the three-parameter fits per-
formed by Barry and Meites31 for the most dilute solutions they titrated. Both the
erroneous values of cb° and the drifts of pAT«,c and yH* at the lowest concentrations are
probably attributable to the presence of this impurity, and it is probably accidental
that better values of cb° were obtained by using constant values of the other two param-
eters. With Murtlow's data we were unable to detect any improvement resulting from
this procedure and I believe it is better not to constrain the fits under extreme condi-
tions. Instead, I recommend very critical comparison of the values obtained in uncon-
strained fits with the more reliable ones corresponding to more favorable conditions.
One may expect the uncertainties to increase as the conditions become less favorable,
but systematic variations should be taken as a warning that the data reflect some phe-
nomenon that is not properly described by the equations used.

I have made these remarks because Ingman et al.32 employed a procedure about
which I have some reservations. They analyzed their data on "unknown" mixtures of
acetic and propionic acids by using the data obtained with similar "known" mixtures.
The data for the "known" mixtures were subjected to two-parameter fits in which the
two concentrations were taken as known and the values of p/C,c for the two acids
were calculated. These values were taken as fixed constants in two-parameter fits per-
formed to evaluate the concentrations of the two acids in "unknown" mixtures. This
would be unwise if there might be any difference — e.g., of temperature — between
the conditions under which the "known" and "unknown" solutions were titrated of
which the actual effect was to alter the values of pKa>c to some extent. If these were
constrained, the computed concentrations would have to be adjusted to compensate
for that effect, and consequently they would be surely be erroneous. A striking pecu-
liarity of the results is that the values of pKaiC were not the same in mixtures as they
were in separate solutions of the acids: for acetic acid pK.fC was found to be equal to
4.501* when this acid was present alone but equal to 4.489 when propionic acid was
present as well; for propionic acid the values were 4.649 in pure solutions and 4.681
when acetic acid was also present. The presence of either acetic acid or propionic acid
appeared to decrease the acidic strength of formic acid by 0.006 pK-\in\t; however, the
presence of formic acid appeared to increase the acidic strength of propionic acid by
0.019 pK-unii while it decreased that of acetic acid by 0.009 pK-unit. These differences
were ascribed to "possible interactions between the ... acids." Different kinds of pos-
sible interactions can be imagined, although none of them would be described exactly
by mere alterations of the values of pKa>c. What is surprising is that any of them
should be so extensive in such dilute solutions as to have measurable effects. If the
phenomenon is real, its importance would merit a much more thorough investigation.
By revealing the nature of the interaction, this would provide clues to its exact descrip-
tion, and this would doubtless yield better results than the approximate description
employed.

This discussion might be summarized by what I call Potter's Maxim:35 "know what
you are doing before you do it so that you know you are doing what you are doing."
That is of course facetious, but a scientist should always know what he is doing before
he does it, and nowhere is the necessity more imperative than when data are being
fitted to a theoretical equation. If the wrong equation is employed, the wrong results
will be obtained; this will be true no matter how much tinkering is done with the fit.

For example, the open circles in Figure 11 show data points that might be obtained
from the polarogram of a substance that underwent reversible reduction to a product
insoluble in mercury. To eliminate uncertainties arising from experimental errors and

The numerical values given here pertain to concentration constants and are therefore not directly com-
parable with those given above for the thermodynamic constants.
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-0.4 -0.6
E. V

FIGURE 11. The open circles represent points on the po-
larogram of a substance that is reversibly reduced to give a
product insoluble in mercury. Values of the parameters
used to calculate these data from Equation 27 are given in
the text. The solid curve represents the best three-parameter
fit to Equation 18b that can be obtained.

deviations from strictly Nernstian behavior, these
familiar equation

'data" were calculated from the

= E, log 'd.l

2
0.05915

n
log ('d>i - O (27)

when xi is the number of electrons involved in the half-reaction; iit, and E1/2 are the
limiting diffusion current and the half-wave potential, respectively; and / Is the meas-
ured current at the applied potential Ed€. The values /,,,, = 3.000 yA, Ein = -0.5000
V, and n = 1 were assumed. A three-parameter fit to Equation 18b, assuming all of
these to be unknown, gave Eul = -0.5011 V. This is wrong, and the values obtained
for id<1 (= 2.877 ^A) and S' (= 10.50 mV) are also wrong, because Equation 18b
misrepresents the behavior of the system. It assumes the half-reaction not only to be
thermodynamically reversible but also to yield a product whose activity varies with the
current because it is soluble in either the mercury or the liquid phase surrounding it;
the second of these assumptions is untrue for data calculated from Equation 27. Sec-
tion IV will describe a powerful way of recognizing that Equation 27 would provide a
better fit to these data than Equation 18b. My point here is that a wrong value of E,/2

will be obtained from a fit to Equation 18b no matter how that fit is effected. The
three-parameter fit described above apportions the inapplicability of Equation 18b
among all three of these parameters evaluated, with the result that although the result-
ing value of E,/2 is wrong, it is not very far from the truth. A two-parameter fit to the
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same equation, using the fixed value / j , , = 3.000 ^A, that might be measured inde-
pendently at potentials on the plateau of the wave, gives E,/2 = -0.5025 V and S =
11.65 mV: the error in the former is much larger than it was in the result of the three-
parameter fit because the incorrectness of Equation 18b can now be divided between
only two parameters. One must be sure that the equation being employed provides a
description of the system that is complete and correct within the limits of error of the
data.

C. Pointwise Variance Analysis
Pointwise variance analysis is an outgrowth of ordinary nonlinear regression analy-

sis. It is designed to provide the answers to several important questions:

1. How reliable are the values of the parameters that have been obtained from any
particular fit?

2. How should the data points be distributed to maximize the reliability of the infor-
mation that is obtained, while minimizing the experimentation and measurement
that must be performed?

3. What precision of measurement must be achieved to ensure that the calculated
values of the parameters will have any desired degree of reliability?

The length of this section will reflect the importance of these questions rather than the
volume of the chemical literature that has been devoted to them. The first question is
of course a common one: it is easy to answer when linear regression can be employed
to find the values of the parameters, and hundreds of examples might be cited. How-
ever, they are all irrelevant to nonlinear regression, for which Sillen once said that
there was no general way of evaluating the uncertainties in the parameters. For the
relationship

y = f(x, F , , ^ , . . . Vp (28)

where V, denotes the ;th pne of a total of j parameters, the standard deviation of V, is
given by

°K. = r ( IT-)
' m = 1 \ *ym I

(29)

where ym is the measured value of the dependent variable at the /nth one of the total
of n data points obtained, and oym denotes the standard error in ym. Assuming that
the data have been fitted to the correct equation, a,m may be equated to the standard
deviation from regression. One may define the finite-difference approximation e1>m to
the partial derivative appearing in Equation 28:

V'I - V;
e,- „, = —: - (30)

where V, denotes a value obtained by straightforward nonlinear regression when all
the ym have their measured values, and V, denotes the corresponding value obtained
in the same way after one of the ym has been changed to a slightly different value y'm.
The values of aVj may be obtained by introducing a known error into yt (the first of
the successive values of ym, computing the resulting values of all the V,, storing the
corresponding values of e,,i, returning y, to its original value and introducing a similar
error into y2, and so on until all the points have been treated. It is then possible to

• The numerical values given here pertain to concentration constants and are therefore not directly com-
parable with those given above for the thermodynamic constants.
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sum all the values of e1>m to obtain the standard deviation of V, from Equation 29
and to identify the largest value e1>mmflI that has been encountered at any point. This
makes it possible to calculate the value of the normalized quantity El<m defined by the
equation

for each point. The standard deviation of Vj and the values of E2,m can be obtained
at the same time, and so on for all of the j parameters involved.

This is pure brute force, and it is not economical of computer time. If twenty data
points have been obtained and fitted to a four-parameter equation, twenty additional
similar fits have to be performed to provide answers to the questions raised at the
beginning of this section. This is so time-consuming that one can hardly afford to do
it routinely. After describing the information that can be obtained from such calcula-
tions, I shall therefore explain briefly how their number can be kept to a reasonable
minimum.

Suppose, for the sake of a concrete illustration, that one wishes to find the half-
wave potential EUi and the Nernstian factor S for a reversible polarographic wave that
is sufficiently well defined to enable the experimenter to measure its limiting diffusion
current separately at a potential on the plateau. To minimize minor irregularities in
the pointwise-variance-analysis plot (which will be defined and discussed below), it is
advisable to begin with a set of synthetic data computed from the equation (Equation
18b) to which the data will be fitted. An interactive program designed to perform the
calculations described above will request a value of the standard deviation from regres-
sion or an estimate of the standard error of measurement, and a round number may
conveniently be provided. We may imagine that the data consist of thirteen points,
equally spaced over the range from -0.54 to -0.66 V and computed with id , = 1.000
f*A, EU1 = -0.6000 V, and 5 = 12.84 mV, which corresponds to a reversible two-
electron process yielding a soluble product at 25°C, and we may take a,m = 0.01 ^A.
The results will be o£lll = 2.8 x 10'4 V and as = 0.26 mV.

As long as the number of data points, the way in which they are distributed, and
the values of the parameters do not change, Equation 29 shows that each of these
standard deviations is proportional to the standard deviation from regression. If, in a
subsequent fit to a similar set of experimental data, it is found that the standard devia-
tion from regression is, say, 0.0080 ^A (as compared with the value a,m = 0.01 \iA
that was used to obtain the above figures), it may be concluded that the standard
deviation of the value of Ein is equal to (0.008/0.01) x 2.8 x 10"4 = 2.2 x 10"4 V. This
result can be interpreted with the aid of ordinary statistical considerations.

Let us turn from the first question to the third. Suppose that measurements like
these are to be made routinely, perhaps by using a data-acquisition routine that will
store values of the current and applied potential at 10-mV intervals. If thirteen such
points are used in evaluating EUi, what standard error of measurement can be tolerated
if the standard deviation of Em is not to exceed 0.5 mV? The answer follows directly
from the proportionality between a£l/2 and a,m: it is equal to (5.0 x 1O"V2.8 x \0~*) x
0.01 = 0.018 nA. The form of Equation 18b is such that it is really the value of the
ratio ///,,„ that is being computed at each point, so that the same result would be
obtained if both the limiting diffusion current and the standard deviation from regres-
sion were changed by identical factors — for example, to 5 and 0.09 MA, respectively.

These things are simple and straightforward: the answer to the second question is
less so. Figure 12 is a "pointwise variance-analysis plot." Curve a shows how the
values of Ei>m depend on the applied potential (i.e., on the quantity xm, where x is the
independent variable in the experiment), if i denotes the parameter that corresponds
to the half-wave potential. The curve is drawn on a semilogarithmic scale for conven-
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-0.55
E. V

-O.65

FIGURE 12. Pointwise variance-analysis plot for the
evaluation of E,,i and 5 for a polarographic wave by a two-
parameter fit to Equation 18b, taking the value of i,t, as
known from separate measurements on the plateau of the
wave. Curve a (triangles) shows how the relative weight E.ym

varies with the applied potential E for the evaluation of
Eui, Curve b (squares) is a similar plot for the evaluation
of S; Curve c (solid circles) shows how the overall weight
Em varies with the applied potential on the assumption that
the values of E,,2 and Sare of equal interest.

ience. At both the most positive and the most negative applied potentials, E^m is very
small. In these regions, the value of Em is hardly affected by errors in the measured
currents, which means that data in these regions provide very little information about
EU1. As the applied potential approaches EU2 from either direction, the value of E,<m

increases, and it reaches a maximum at the half-wave potential. Curve b is a similar
plot for the Nernstian parameter 5. At the half-wave potential, the value of Ei>m for
this parameter is extremely small: an error in the measured current at this point affects
the half-wave potential but not the Nernstian parameter. At points slightly removed
from the half-wave potential, the values of El>m pass through two maxima. Because
the polarographic wave itself is symmetrical around its half-wave potential, both these
curves are nearly symmetrical around the half-wave potential. At points still farther
removed from the half-wave potential, the value of £,,„ decreases again because the
uncertainties in values of the current that are either very small or very nearly equal to
the limiting diffusion currents cause these values to be nearly useless in evaluating S.

Readers who have some acquaintance with polarography can rationalize these argu-
ments with the aid of Figure 13, which is a conventional log plot based on Equation
18a. The open circles represent "data" calculated from the same equation, and the
horizontal bars through alternate open circles represent the ranges of values of log (//
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-O.65 -
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FIGURE 13. The open circles and the solid line show a conventional log plot for
the evaluation of £„ , and S from polarographic date; the horizontal lines through
alternate points represent the uncertainties in log (i/lL,-i\) resulting from uncer-
tainties of 0.01 f*A in the values of i. The triange (at E = —0.60 V) corresponds to
an erroneous value of /at the half-wave potential, and the dashed line aa shows the
effect that this might have on the plot: its intercept is affected, but its slope is not.
The square (at £T = -0.57 V) corresponds to an erroneous value of /at a potential
slightly different from the half-wave potential, and the line bb shows the effect of
this error: both the slope and the intercept are affected. The diamond (at E = —0.66
V) corresponds to an erroneous value of /at a potential far removed from the half-
wave potential: this has little effect on the plot because the uncertainty in log (//
lL,~i\) is very large in this region.

{/i.i-j}) that correspond to an uncertainty of ± 0.01 nA in the value of /. The slope of
the solid straight line drawn through the open circles is equal to S' (= 2.303 S), and
its intercept at log(j/{/v-z}) = 0 (which corresponds to i = id,,/2) is equal to E1/2. An
erroneous measured value of i at a potential equal to EU1 will replace the open circle
at that point by the open triangle, and will cause the solid line to be replaced by the
dashed one. This has the same slope as the solid line, but it has a different intercept.
An erroneous measured value of j at a potential slightly removed from EU2, as repre-
sented by the open square, will affect both the slope and the intercept, although the
error in the intercept will be smaller than if the same error of measurement were in-
curred at the half-wave potential. This is because the error of measurement can now
be partitioned between the two parameters instead of affecting the half-wave potential
alone. An erroneous measurement at a potential far removed from Eu 2, as represented
by the diamond, will have very little influence on the line that is drawn through the
points.

On this basis, one can identify the region (or regions) in which the measurements
should be concentrated so as to provide the most precise value of a particular param-
eter. Using thirteen points equally spaced along the applied-potential axis from the
point at which / = 0.01 id<i to the point at which / = 0.99 /,,,, leads to a standard error
of 0.28 mV in the half-wave potential, if the standard error in each value of /is equal
to 0.01 id. What must the experimenter do to achieve a standard error of 0.20 mV in
the half-wave potential, if the value of S is of no interest whatever? There are three
approaches. One, which was suggested by the discussion in an earlier paragraph of
Section III.C, is to decrease the standard error of Ein by the desired factor (0.20/
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0.28) by decreasing the standard error of measurement by the same factor: that is,
from 0.01 to 0.01 x (0.20/0.28) = 0.007 ^A. This is not a very large decrease, but it
might be very difficult to achieve. Another approach consists of saying that the preci-
sion of the result can be improved by increasing the number of data points on which
it is based. A standard error of 0.28 mV in E,/2 was attained with thirteen points or
eleven degrees of freedom; a standard error of 0.20 mV should be possible to attain
by increasing the number of degrees of freedom to (0.28/0.20)2 x 11 = 22, which
corresponds to 24 data points. This is very nearly twice the original number.

The third approach will be adopted by those who recognize that, of the 11 points
that would be added in the second approach, those near the extremes of this range
have very little influence on either of the two parameters involved in the fit and that
those more than about 11 mV away from the half-wave potential (corresponding to
the points of intersection of curves a and b in Figure 13) influence the value of 5 more
than they do that of El/2. Clearly, the most useful points are those clustered in the
immediate vicinity of EU2, and a few points concentrated in that region should serve
the experimenter's purpose just as well as, if not better than, a great many obtained
from regions that contain little of the desired information. On this basis, one might
go on to calculate that even nine points having the same precision as the original ones
will yield a value of El/2 having a standard error of only 0.18 mV if they are taken at
1-mV intervals from -0.596 to -0.604 V. This is an even larger improvement than was
being aimed at. It might be necessary to redesign the experimental procedure or appa-
ratus to permit making measurements so closely spaced, but the trouble that this in-
volved would be at least partly compensated for by the decrease in the number of
measurements involved.

Similarly, Curve b in Figure 13 shows that, if S is the only parameter in which the
experimenter is interested, the measurements should be concentrated in the regions
very close to Ein + 20 mV (where i/id)i is approximately equal to 0.18) and to E1/2 -
20 mV (where i/'u,i is approximately equal to 0.82). More generally, the regions of
greatest weight in evaluating 5 are centered around EU1 + 1.6 SmV and Eul — 1.6 S
mV.

It often happens that an experimenter is more or less equally interested in the values
of all the parameters involved in a fit. When this is true, it is convenient to define a
relative overall weight for the /nth point by the equation.

Curve c in Figure 12 shows the relative overall weight Em depends on the applied po-
tential for the experiment described above. As is also true for all the other curves in
this section, it is actually the logarithm of the relative weight that is plotted along the
ordinate axis. Points for which the weight is less than 1% of that at the maximum are
omitted because they are not useful enough to deserve consideration. The variation of
£•„ is small over the range EUJ + 30 mV to EU2 - 30 mV; outside that range, the
values of Em fall off precipitously. If both parameters are of interest, the data should
be evenly distributed over this range, which corresponds to 0.1 < i/idtt < 0.9.

This example was selected because it leads to a familiar conclusion: those who are
accustomed to evaluating Eil2 and S by constructing log plots know from experience
that points outside this range are much less useful than those inside it. In other situa-
tions, a little thought may be required to perceive the wisdom of the guidance provided
by pointwise variance analysis. Suppose that one is attempting to evaluate the rate
constant k of a pseudo-first-order reaction by following the absorbance A of the reac-
tant. The data should conform to Equation 5b. One may assume that A: = 0.01 sec"1,
that the initial absorbance Ao = 0.7, that the standard error of a single measurement
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500

t.
FIGURE 14. Pointwise-variance-analysis plot for the
evaluation of a rate constant in the manner described in the
text, showing how the relative weight E,t* varies with the
time for the evaluation of k.

of absorbance is equal to 0.01, and that sixteen points are acquired at 30-sec intervals
from t = 10 s to t = 460 s (when A/Ao = 0.01, so that the reaction is 99% complete).
According to these assumptions, the standard error in k will be equal to 2.4 x 10~5s~',
or 0.24%*. Figure 14 shows the dependence of £,,„ on time for the rate constant; the
corresponding curves for Ao and Em are omitted because the value of Ao is unlikely to
hold much interest. Points obtained toward the end of the experiment have little weight
because the relative error of measurement becomes very large as the reaction nears
completion. In interpreting the remainder of the plot, it is convenient to think of k as
being numerically equal to the slope of a plot of In A against f. If the data did not
become unreliable at long times, points near the beginning and end of the experiment
would have about equal weights in determining this slope whereas points near the mid-
dle of it would have much less weight. This would lead to a plot that was nearly sym-
metrical and "^ /^-shaped. Because the data do become unreliable, their weights on
the right-hand branch decrease at very long times and this opposes, and eventually
overbalances, the increasing influence that points farther away from the middle of the
line would exert on its slope if they were equally reliable. Consequently the plot be-
comes asymmetrical. There are two regions in which the points are really useful: one
is at the very beginning of the experiment, while the other extends from about 50 to
90% completion, and it is evidently in these regions that the data should be clustered.

* Perhaps the least certain of the tacit assumptions embodied in this value are that mixing and the attain-
ment of thermal equilibrium are instantaneous. It would certainly be extraordinary for values of k ob-
tained in different experiments to exhibit precision of this order.

LJ
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This discussion has concentrated on examples in which the shapes of pointwise-var-
iance-analysis plots are relatively easy to explain and understand, but of course there
are many situations in which this is not at all easy, and it is in these that the technique
will be most valuable. If a polarographic wave is recorded with a cell having a high
resistance (R) and if the limiting diffusion current is measured separately on its plateau,
R can be evaluated along with Ei,2 and 5 in much the same way as in the first example
in this section. It turns out that points close to the half-wave applied potential are
nearly useless in evaluating E,,2, which is exactly contradictory to intuitive expectation,
and that points of greatest utility for this purpose lie in three regions: one around //
id i = 0.3, another around i/idyl = 0.8, and the third at applied potentials close to the
plateau.

The relative weights calculated in this way are entirely different from the weighting
factors described in connection with Equation 17. The latter are concerned with the
relationships between uncertainties in the measured values of the dependent variable
and uncertainties in another variable that happens to be more convenient in linear
regression, whereas the relative weights are concerned with the relationships between
uncertainties in the measured values and uncertainties in the values of the parameters
calculated from them.

Calculations of relative weights can be made in linear as well as nonlinear regression
and have been made by a number of authors including Isbell et al." and Sato and
Momoki,38 but their a priori utility in deciding the questions raised at the beginning
of this section was recognized only quite recently.39 Used in the ways outlined here,
pointwise variance analysis should provide important help in designing experiments
and improving their efficiencies.

IV. DEVIATION PATTERNS

A. Introduction
If a solution of acetic acid is titrated with standard sodium hydroxide, the amount

of acetic acid can be calculated if it is assumed that no other acid is present. If the
end point is found by using phenolphthalein, or if it is taken to be the point of maxi-
mum slope on a potentiometric titration curve, the assumption is almost always made
tacitly, and no information is obtained that can be used to check its accuracy. When
nonlinear regression is employed, the assumption has to be made explicitly by choosing
the particular titration-curve equation that embodies it. No matter whether the as-
sumption is tacit or explicit, it may or may not be correct. One of the most important
advantages of regression analysis is that it enables its user to judge the correctness of
the assumptions that have been made. Another advantage is that, if these assumptions
prove to have been unsatisfactory, regression analysis can be made to provide a guide
to other assumptions likely to be closer to the truth. These topics will be discussed in
this section.

In every experiment there are random errors in the data, and there may be systematic
errors as well. Systematic errors of experiment arise from failure to control the exper-
imental conditions adequately and may be either constant or variable. If the tempera-
ture during a kinetic experiment remains constant but is a degree higher than it is
thought to be, the data will conform to the proper rate law (to an extent that reflects
the precision of measurement), but they will yield the wrong value for the rate con-
stant. If the temperature varies from a value that is half a degree higher than the
desired value at the start of the experiment to one that is half a degree below it at the
end, the value that is obtained for the rate constant may be approximately correct,
but the conformity of the data to the proper rate law will be poorer than it should be
in view of the standard error of measurement. It is often possible to correct for a
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systematic error of experiment, provided that its occurrence is recognized while the
experiment is still in progress: one might measure a temperature that is constant or
follow the dependence of a varying temperature on time and then apply corrections
based on a value of the energy of activation obtained in other experiments.

Systematic errors of interpretation result from the choice of a hypothesis or equation
that does not correctly describe the results of an experiment in which all of the data
needed for a proper interpretation have been secured. They differ from systematic
errors of experiment in that they can be rectified after the experiment is concluded.
Of course chemists rarely if ever perform experiments for which the data are incom-
plete, but they are sometimes uncertain about whether a hypothesis or equation is
correct or about which of several possible hypotheses or equations provides the best
description of these data.

Assume that data free from variable systematic errors have been obtained and fitted
to an equation that describes them correctly and completely. If the resulting values of
the parameters are then combined with the same equation, a calculated value of the
dependent variable can be obtained for each experimental point. Each calculated value
will differ from the corresponding measured one because the latter contains some ran-
dom error. If the difference between the measured value and the calculated one is
plotted against the independent variable, the points will be randomly scattered around
the horizontal axis. I call such a plot a "deviation plot."

However, if the equation is incorrect, the same sequence of operations will have a
very different result. Here the difference will depend on the value of the independent
variable, and the deviation plot will consist of points scattered randomly around a
smooth curve rather than around the horizontal axis. The experimenter can easily re-
cognize that the fit is unsatisfactory, and — if the experiment has been designed and
performed with such care that variable systematic errors of experiment are certainly
absent or negligible — he can be sure that it is unsatisfactory because the equation
does not fit the data. Moreover, and at least equally importantly, the shape of the
deviation plot will frequently show which of a number of equations will yield a better
fit, and thus help the experimenter to find the proper interpretation of the data.

These things are so important and so common, and classical statistics provides so
little help with them, that I shall illustrate them at some length with the aid of a simple
example. Figure 15 shows the rising part of a polarographic wave whose limiting dif-
fusion current could be measured separately and found to be equal to 1.00 ^A. One
might suppose it to be an ordinary irreversible wave: these are synthetic data and they
do not conform to that supposition, but even an experienced and knowledgeable po-
larographer would certainly make no other one on the basis of this curve. Fitting the
coordinates of these points to Equation 18b gives Ein = -0.6500 V and S = 45.39
mV; the latter figure would be taken to correspond to 2.303 R T/a n F = 104.5 mV.
The standard deviation from regression is 0.0164 ^A.

A popular way of gauging the validity of the hypothesis that led to these numbers
is to apply the F-test. This requires the experimenter to know the standard error of
the measurements that have been made. Statisticians tell us that we should know this
for each experiment we perform, but it is an unusual chemist who has any accurate
idea about it for any experiment. Let us nevertheless, imagine that the standard error
of measurement is known to be 0.01 f*A, which is exactly equal to the standard devia-
tion of the normally distributed random errors that are included in these data. We
wish to assess the applicability of Equation 18b to these data by examining the ratio
of the squares of the standard deviation from regression and the standard error of
measurement, which is equal to 2.70. If the equation is inapplicable, the standard
deviation from regression will be the larger of the two and a one-tailed F-test will be
needed. Since 29 degrees of freedom are embodied in each, the value of the ratio indi-
cates, at about the 99.5% level of confidence, that the difference between them is
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-0.5 -0.8
E, V

FIGURE 15. A polarographic wave for which the limiting diffusion current is
equal to 1.00 pA and the standard error of a single measured value of the current is
equal to 1.00 xlO"2(iA.

significant and, therefore, that Equation 18b does not correctly describe the data. This
is the correct conclusion, but it is a conclusion: it provides no guidance to a better
equation or a better understanding.

Figure 16 shows the deviation plot obtained on a computer terminal at the end of
the fit that gave the values cited above. The horizontal axis shows the normalized
deviations of the measured values of the dependent variable from the corresponding
calculated ones

= (V;m, meas
(33)

where s is the standard deviation from regression. The points are plotted as digits to
facilitate reading their coordinates: it is the first digit to the right of the decimal point
that is plotted here, so that if Lym has any value between 1.800 and 1.899 an 8 appears
between the points labeled 1 and 2 along the ordinate axis. These deviations are cer-
tainly not randomly distributed around the abscissa axis: they are predominantly neg-
ative at the start of the plot and predominantly positive toward its end, and there are
a maximum somewhere around the tenth point and a minimum somewhere around the
twentieth.

Because the points are not randomly scattered around the abscissa axis, there must
be a systematic error. This is the same conclusion that was obtained from the F-test,
although the deviation plot does not require the user to know or assume anything
about the standard error of measurement and is therefore easier for chemists to use.
Whether or not a systematic error can be detected on a deviation plot depends on the
relative magnitudes of the systematic and random errors. Other things being equal,
the plot becomes smoother as the random errors become smaller, and detection of a
systematic error becomes easier as a result. If the standard deviation from regression
in this example were increased by increasing the standard error of measurement that
is included in the data, it would become more difficult to perceive that the points are
scattered around a curve that differs from the abscissa axis. If the standard error of
measurement were sufficiently large, it would be concluded that Equation 18b pro-
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Point
number

AV
Jm

FIGURE 16. Deviation plot obtained by fitting the data of Figure 15 to Equation
18b.

vided a satisfactory representation of the data. Again, the F-test would lead to the
same conclusion. Just how much random error must be present to prevent the accept-
ance of an incorrect equation depends on the number of data points and on the com-
plexity of the deviation plot: As a rough approximation, a practiced user can usually
detect a pattern underneath the scatter when an F-test would indicate that the equation
is wrong at about the 90 to 95% level of confidence.

The deviation plot shown in Figure 16 can be interpreted with the aid of other devia-
tion plots constructed from synthetic data free from random errors. For example, it
might be imagined that the polarogram actually consists of two waves so close together
that they are indistinguishable to the eye. Such a polarogram would be described by
Equation 19. If data are calculated from that equation and fitted to Equation 18b,
there will be a systematic error of interpretation because they do not conform to the
equation to which they are fitted; this error will lead to the smooth curve shown in
Figure 17. The curve is smooth because no random error has been introduced. Such a
curve can be called a "deviation pattern" to distinguish it from the deviation plots
that are compared with it. Deviation patterns are smooth curves obtained from syn-
thetic data; deviation plots are obtained from experimental data and include the scatter
resulting from the errors of measurement.

Another conceivable possibility is that corrections for a residual current linearly de-
pendent on the applied potential have been ignored or wrongly applied. In this case,
the polarogram should be described by the equation

1+ exp (IE-Eui\ IS)
+ b (£•* - £ ) (34)

where E* is the applied potential at which the necessary correction is equal to zero,
and b expresses the dependence of the correction on the applied potential. Equation
34 may be used to synthesize "data" representing this hypothesis; on fitting these'to
Equation 18b, another deviation pattern will be obtained for comparison with Figure
16. This one is shown in Figure 18.
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Point
number

FIGURE 17. Deviation pattern obtained by fitting data that obey Equation 19,
which describes two closely spaced waves, to Equation 18b.

Point
number

I 0 1 £

FIGURE 18. Deviation pattern obtained by fitting data that obey Equation 34,
which describes the effect of an incorrectly compensated current that varies linearly
with the applied potential, to Equation 18b.

Usually the deviation pattern obtained by calculating the coordinates of the "data"
points from one equation and fitting them to another has a shape that is not only
characteristic of the two equations but also independent of the values assigned to the
parameters in the first. Changing those values will, however, affect the heights of the
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maxima and minima and may also affect their spacing along the axis representing the
independent variable. It is as though the pattern were drawn on a sheet of gum rubber
that could be stretched and compressed in various ways. This makes it possible to
accumulate a library of deviation patterns that will facilitate the interpretation of many
different experiments of the same general type. There are occasional exceptions in
which the gross shape of the pattern is altered by changing the values of the parameters
in the equation from which the data are calculated. These may involve reflection
around the abscissa axis or even more far-reaching changes,38 but fortunately occur
only with very complicated equations and are associated with fairly drastic changes of
the shapes of plots of the dependent variable against the independent one.

When Figure 16 is compared with the deviation patterns in Figures 17 and 18, it can
be seen immediately that Figure 18, and the hypothesis that gave rise to it, cannot
account for the behavior observed, but that Figure 17 and its underlying hypothesis
might possibly do so. In Figure 16, the deviations are large and negative at the outset
and large and positive at the end, and there are two extrema, of which the first is a
maximum and the second a minimum. All of these things are also true of Figure 17,
but in Figure 18 the deviations are small and positive at the start and large and negative
at the end, and the first extremum is a minimum while the second is a maximum.

Although the dissimilarity between the shapes of Figures 16 and 18 proves that the
hypothesis of Figure 18 cannot account for the data of Figures 15 and 16, the similarity
between the shapes of Figures 16 and 17 does not prove that the hypothesis of Figure
17 is correct. Other hypotheses might be found that gave rise to deviation patterns that
are difficult or impossible to distinguish from this one. In many cases, there will be
small differences, as, for example, in the relative heights of the extrema and in their
spacing along the abscissa axis, but these are too easily concealed by random errors
and too likely to arise from differences among the values of the parameters for the
experimental plot and the theoretical pattern, to be useful and reliable. Nevertheless,
even this highly curtailed example shows that it is possible, and easy, to reject some
of the alternative hypotheses that might be made when the initial one is found to be
inadequate, and at the same time to obtain a guide to other hypotheses that might
prove to be acceptable.

One must repeat the process to obtain further enlightenment. To do this it is neces-
sary to select a second hypothesis. With the single match obtained with the very small
number of deviation patterns included here, this must obviously be the hypothesis that
there are two closely overlapping waves. A larger library of patterns might contain
several others generally similar to Figure 17. One of the various hypotheses corre-
sponding to those might seem more probable than the others, on chemical or experi-
mental grounds. If these do not lead to a unique choice, one may simply select, from
those that seem equally probable, the one that involves the smallest number of adjust-
able parameters. Fitting the data of Figure 15 to Equation 19 gives /,,,,,, = 0.798 pA
(and therefore / V j I = 1.00 - /„,,,, = 0.202 yA), E,,2,i = -0.6298 V, S, = 39.7 mV,
Ei/2,2 = -0.7284 V, and S2 = 22.6 mV. The deviation plot is shown in Figure 19. The
standard deviation from regression is 0.0116 pA.

To the eye, this appears to be nothing more than a random scatter around the ab-
scissa axis. An F-test like the one described above indicates that the difference between
the standard deviation from regression and the standard error of measurement is sig-
nificant at only about the 75% level of confidence. Another test for the absence of
systematic error, which is easier to apply if one does not have a sufficiently accurate
idea about the value of the standard error of measurement and therefore cannot per-
form an F-test reliably, is a xJ-test based on the number of changes of sign that occur
in a list of deviations arranged in the order of increasing or decreasing values of the
independent variable. If there is no systematic error, each deviation is equally likely
to be positive or negative, regardless of the sign of the deviation that preceded it; but
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FIGURE 19. Deviation plot obtained on fitting the date of Figure 15 to Equation
19.

if there is a systematic error each deviation is much more likely to have the same sign
as the preceding one. For the fit just described, such a test shows that the probability
is only about 72% that there is a systematic error, which is virtually identical with the
result of the F-test. On these grounds, it would be concluded that the two-wave hy-
pothesis cannot be rejected with any certainty on the basis of this experiment.

At this point, the really conscientious experimenter should inquire whether another
hypothesis might not be equally acceptable — or more acceptable — and whether there
is any way in which it could be distinguished from this one. The user of the deviation-
pattern approach could consider the other hypotheses that would have given patterns
similar to those previously identified. Any that, when subjected to a fit to Equation
18b, would have given a pattern closely resembling the one in Figure 17 should be
examined to see whether it might be applicable. A larger library of patterns would
show that one similar to Figure 17 would result if there were only one wave and if the
uncompensated cell resistance were high. That pattern, which is shown in Figure 20,
is not quite identical with the one in Figure 17, but the two are so similar that either
hypothesis would provide a satisfactory description of data having random errors as
large as these. If the precision of measurement were 0.003 instead of 0.01 /̂ A, and if
this new hypothesis were correct, a pattern would barely be discernible in Figure 19.

The method is so powerful that the user must keep its limitations in mind. These
are (1) that it provides no information whatever about any hypothesis that does not
appear in the library of patterns available and (2) that it cannot guide the user to an
interpretation guaranteed to be correct. It does provide an easy and rational guide to
previously recognized hypotheses that deserve consideration, and it does serve to reject
all of them that can be rejected legitimately on the basis of the data at hand. At present,
it requires each prospective user to assemble his own library of patterns for the field
in which he is interested. The time and effort expended doing this are soon repaid by
the decrease in the number of possibilities that have to be considered in interpreting
the data obtained from new experiments, and I hope that a time will come when the
approach is widely enough used to enable chemists just entering new areas of work to
obtain libraries from others.
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Point
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FIGURE 20. Deviation pattern obtained by fitting data that correspond to a single
wave obtained in a high-resistance cell to Equation 18b.

B. Some Applications
As yet there are only two fields for which reasonably complete libraries of deviation

patterns have been worked out. One is the restricted field of potentiometric acid-base
titrimetry performed for the purpose of deciding the functionality of an acid that gives
only a single point of maximum slope on its titration curve.39 The other, larger field
deals with current-time curves in controlled-potential electrolysis.40-42 Since both are
fairly specialized, I shall devote this section to a few more fragmentary examples.

The difficulty that arises in the polarographic analysis of a mixture of two substances
giving overlapping waves was mentioned in Section III.A. One approach to this prob-
lem involved the use of matrix algebra and was tested15 by applying it to mixtures
containing two, or all three, of the isomeric nitrobenzoic acids. Polarograms of the
individual acids were recorded, and measurements of the current at various potentials
were made from these, with great care. The resulting data were used in calculating the
heights of the closely overlapping waves obtained for mixtures. The approach was less
successful than might have been hoped or expected. Some years later, wishing to see
whether nonlinear regression would provide better results, we recorded polarograms
of the same acids under the same conditions and fitted them to Equation 18b. A devia-
tion plot resembling Figure 17 was obtained for each acid; this suggested that each
gives two waves, and Equation 19 gave acceptable fits from which it appeared that the
relative heights of these waves varied with concentration because one of them is an
adsorption wave. What is impressive about this is that the deviation-pattern approach
revealed the existence of two overlapping waves on polarograms where they had been
invisible to a careful experimenter who was attuned to the problem while the measure-
ments were being made.

When Carr and Jordan2 succeeded in deriving Equation 2, they sought a system to
which it could be applied and selected the titration of nitromethane with sodium hy-
droxide. The reaction between these substances is exothermic, and a thermometric ti-
tration curve obtained by adding sodium hydroxide at a constant rate to a solution of
nitromethane has the same shape as a plot of cP/cA" against time. To evaluate p, Carr
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and Jordan constructed plots of cP/cA° against the dimensionless parameter t/t* for a
number of different values of /?, compared each experimental curve with these, and
interpolated between the values of ft used in drawing the calculated curves to estimate
the value that would have given rise to the experimental one. This is a clumsy and
time-consuming procedure, and its precision is limited, but in view of the complexity
of Equation 2, it is not at all surprising that a classical technique of data handling
should have such limitations.

Shortly thereafter, the same system was reinvestigated by Campbell et al.41 with the
aid of nonlinear regression. Values of cF/cA° were obtained for comparison with the
experimental ones by numerical integration of the rate equation

_ ^ _ = k cAcR = k(cA -cp){pt - Cp) (35)

which is simpler to manipulate than its closed-form solution, Equation 2. The values
obtained for A', which was the only adjustable parameter, agreed closely with those
given by Carr and Jordan, but the experimental deviation plot (Figure 21, Curve a)
made it impossible to accept the hypothesis that Equation 35 provided a satisfactory
representation of the data. The random error in these data is much smaller in compar-
ison to the systematic error of interpretation than it was in Figure 16, and therefore
the points here lie much closer to a smooth curve. Figure 22 shows a deviation pattern
that was calculated in the course of an attempt to interpret these results. It was gener-
ated by adopting the hypothesis that the mechanism is actually

*•
A + R N P (36)

(which differs from Equation 1 in that it takes a possible backward reaction into ac-
count), calculating synthetic data from the corresponding rate equation

A-, (cA - Cp) (pt- cp) - k_tCp (37)
dr

• and fitting these to Equation 35, which represents the hypothesis that had been as-
f sumed in the fit that led to Figure 21. The similarity between the shapes of Curve a in
I Figure 21 and the deviation pattern in Figure 22 showed the Equation 37 would provide
]' a better fit. When that equation was employed in place of Equation 35, values of A-,
I and A"., were obtained that corresponded to K. = (4.6 ± 1.7) x 10*" for the acidic

dissociation of nitromethane, while the literature value is Ka = 6.1 x 10'".
Carr and Jordan 2 were well aware that this acid-base reaction does not proceed to

completion, as Equation 1 implies. The main reaction is

CH3NO2 + OH" ^ CH2 =NO2- + H2O; Kf = kjk^ =
k - 1

KJKa = 6.1 x 103 (38)

Under the conditions they used, this reaction would have typically been 95% complete
at the equivalence point, and more nearly complete everywhere else, if the forward
reaction were instantaneous. This is to say that the deviation-pattern approach revealed
the occurrence of the backward reaction even under conditions judiciously chosen so
that it would be unimportant — and also that even under these unfavorable conditions
nonlinear regression was able to furnish values of A-, and A:., that were in substantial
accord with the results of entirely independent measurements.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
6
:
2
3
 
1
7
 
J
a
n
u
a
r
y
 
2
0
1
1



46 CRC Critical Reviews in Analytical Chemistry

O.O4

II
I
3

-0.04 -

200
Time, sec

FIGURE 21. Deviation pattern obtained by fitting
"data" that obey equation 37, which describes the behavior
of a reversible reaction, to equation 35. (From Campbell,
B. H., Meites, L., and Carr, P. W., Anal. Chem., 46(3),
389, 1974. With permmision.)

OJ

o

-OJ

\

~ o

-

1

—

I

100
Time, sec

FIGURE 22. Deviation plots obtained by fitting data se-
cured in a typical thermometric titration of 5.8 x 10~3 A/
nitromethane with 1.0 Fsodium hydroxide to (a) (open cir-
cles) Equation 35 and (b) (solid circles) Equation 37. The
distance between the horizontal dashed lines corresponds to
the rated linearity (± 0.25% of full scale) of the recorder
used to record the titration curve. (From Campbell, B. H.,,
Meites, L., and Carr, P. W., Anal. Chem., 46(3), 389,
1974. With permission.)

Curve b in Figure 21 shows the deviation plot resulting from fitting to Equation 37
the same data that had given Curve a when they were fitted to Equation 35. There is
still some systematic error, although its magnitude is no larger than the uncertainty
corresponding to the rated linearity of the recorder used in the experiment. This and
other considerations peculiar to the nature of the experiment seemed to render further
interpretation perilous.

Deviation patterns provide chemists and other scientists with an extremely powerful
and sensitive tool for assessing the correctness of a model chosen to represent a set of
experimental data.

V. AUTOMATIC CLASSIFICATION

A. Introduction
At the beginning of this review I said that some experiments are performed to obtain

yes-or-no answers to chemical questions. One fairly common question, "is this model
applicable to these data?", is amenable to the deviation-pattern approach. The preced-
ing section showed how that approach can be used to identify, from a number of
possible models, those for which the answer to this question would be "yes."
. Automatic classification is an exciting new technique that combines the deviation-
pattern approach with other techniques of nonlinear regression to make such identifi-
cations automatic. For the sake of illustration, let us suppose that a chemist wishes to
know the order of a certain chemical reaction with respect to one reactant R and inves-
tigates this by following the variation of the absorbance of R with time in a reaction
mixture containing a swamping or fixed concentration of every other substance that
might appear in the rate law. To keep the illustration simple, let us further suppose
that the reaction goes to completion and that only integral orders need to be consid-
ered. The problem is to classify the reaction as being zeroth-order, first-order, ..., with
respect to R. Algebraically this corresponds to deciding which of the equations
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A = A" - k t (t < A°/k)

A = 0 (r >A"/k)

A = A" exp ( - * t)

/I = A" / ( I -

etc.

(39a)

(39b)

(39c)

is obeyed by the data. In each of these equations, A' denotes the product of the pseudo-
nth-order rate constant by (E b) '"", where £ is the molar absorptivity of R at the wave-
length employed, and b is the thickness of the cell.

One approach would be to fit the data to as many of these equations as the experi-
menter's patience (and budget for computer time) permit, and examine the resulting
fits, one of which will be conspicuously better than all the rest. That would be unima-
ginative to the point of being immoral.

Another approach would be to fit the data to Equation 39b and examine the devia-
tion plot obtained. There are three possibilities. If the plot consists of points randomly
scattered around the time axis, the corresponding hypothesis (that the reaction is first-
order with respect to R) cannot be rejected on the basis of the data obtained. This is
equivalent to saying that the reaction is first-order with respect to R if a plot of A
against t is a straight line, but it avoids the agony that users of the graphical approach
may suffer when curvature results from the increasing uncertainty in In A as the reac-
tion nears completion. The second possibility is that the plot will be \S -shaped: a
plot having this shape results from trying to fit a straight line to an equation that can
only yield an \ _ -shaped curve. In this case, the reaction must be zeroth-order with
respect to R, and a fit to Equation 39a might be undertaken to evaluate k. The third
possibility is that the plot will \sz/\ -shaped, in which case the order with respect to
R might be 2 or any larger integer. Here, a fit to Equation 39c could be performed. If
this is acceptable, the reaction will be classified as being second-order with respect to
R and a value of k will be obtained, but if it is not, the data may next be fitted to the
next equation in the above series to test the hypothesis that the reaction is third-order
with respect to R, and so on.

Of course this is oversimplified because the rate law may actually contain two or
more terms, so that the order with respect to R may not have an integral value. It
does, however, illustrate how classification problems of this general sort can be solved
in a perfectly mechanical way. That being so, it follows that they can be solved auto-
matically.

Scientific experimentation can be divided into two parts: the acquisition of the data
and their subsequent interpretation. Each of these, in turn, can be further divided into
two parts: one that is mechanical and one that is not. The nonmechanical part of
acquiring data that will serve a useful purpose consists of imagining an experiment
that is worth performing; selecting the conditions under which it may be performed;
designing and improving the apparatus used in making the measurements; and identi-
fying possible sources of error and inventing ways of eliminating or minimizing them.
The mechanical part consists of the actual collection of the data. The nonmechanical
part can be done only by a human brain; but great strides have been made in relieving
humans of the difficulty and tedium that attend the mechanical part. Thirty years ago,
polarograms were still being obtained by chemists peering through telescopes to ob-
serve the deflections of galvanometers, and the necessity of doing this consumed time

. . . J
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and energy that would have been better devoted to the exercise of imagination and
ingenuity. Since then, the advent of computerized data acquisition has freed chemists
from this kind of drudgery and has helped make it possible to perform experiments
that would otherwise be forbiddingly difficult or impossible.

The nonmechanical part of data interpretation consists of inventing new hypotheses,
imagining their consequences, and devising ways of testing them and differentiating
them from existing ones. The mechanical part consists of retracing steps that have
previously been trod by others in interpreting similar data obtained in experiments of
the same sort. Again the nonmechanical part cannot be done except by ahuman brain.
To the extent that it is possible to liberate that brain from the tedium of drawing
graphs, making interpretations, and reaching conclusions that have been drawn or
made or reached before in similar circumstances, the uniquely human abilities of chem-
ists should be liberated for better purposes in the same way that they have been liber-
ated by sophisticated modern techniques of data acquisition.

B. Techniques and Applications
Automatic classification is still so new that much of the work on it has been devoted

to techniques for effecting it. In this section, however, I shall attempt only to indicate
that there are different possibilities without going into detail about them, and shall
concentrate on the chemical situations to which they have been applied.

The simplest kind of classisication is a binary one by which a single hypothesis is
either accepted or rejected. If there were only two mutually exclusive hypotheses, re-
jecting one would be equivalent to accepting the other: this would also be a binary
classification. Binary classifications are certainly both common and important, and
pattern recognition42-43 is much concerned with them.

For data of the kinds considered in this review, simple binary classifications rarely
suffice. There are often several, or many, mutually exclusive hypotheses that might be
adopted to account for behavior of the type observed, and there are situations in which
it is possible to frame different hypotheses that are not mutually exclusive. An example
of the first sort arises in studies of stepwise complex formation between a metal ion
and a ligand: the maximum coordination number j of the complexes formed at appre-
ciable concentrations during the experiment might be 1,2,3 Classifying a particular
system according to the value of j has been called "linear" classification44 because the
hypotheses can be arranged in such a way that each successively rejected one has a
logical successor. Another example of the same sort arises in trying to identify the
mechanism of a chemical reaction, which might be pseudo-first-order with respect to
a reactant whose concentration is followed, which might involve a backward reaction
having an appreciable rate, which might involve a slow prior equilibrium between that
reactant and some other constituent of the solution, and so on. There is no a priori
order in which these hypotheses could be arranged, and problems like this are said to
be "branched" because, with the deviation-pattern approach, the nature of the system-
atic errors that cause one hypothesis to be rejected may point the way to one or another
group of the ones that remain. An example of the second sort, in which the hypotheses
are not mutually exclusive, arises in titrations of the alkali-metal salts of long-chain
fatty acids with strong acids: micelles of the fatty acid anion A" might be present at
the start of the titration or they might not, and either the free acid HA or the "acid
soap" MHAi might or might not precipitate during the course of the titration. In any
one titration, depending on the experimental conditions and the values of the parame-
ters that characterize these three processes, all or none of them, or any one or two of
them, might occur and a decision about the occurrence of micelle formation has to be
made independently of one about the formation of either of the possible precipitates.
This is called "multiple binary" classification.
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Four different ways have been devised for allowing the necessary decisions to be
made without human intervention. They all involve the use of nonlinear regression.
The programmer selects one hypothesis as the first to be tested: for a linear or branched
problem this is the simplest one, while in the only multiple binary problem yet attacked
it was the most complex. One technique is to allow the fit to proceed to completion
and then scan the deviations of the successive calculated values from the measured
ones for a group of deviations that have the same sign and are large in comparison
with the standard deviation from regression or, preferably, the known standard error
of measurement.44 The existence of such a group, which can be as improbable as the
programmer chooses, if systematic errors are absent, is made to result in the rejection
of the hypothesis and the adoption of the next one. As the word "next" implies, this
is hardly suited to any except linear problems. A more sophisticated and more useful
technique is to identify the signs and locations (along the abscissa axis) of all such
groups of widely deviant points.40 This is applicable to branched problems because it
permits a \^/ -shaped plot to be differentiated from a/^\ -shaped one. Another tech-
nique is to reject any hypothesis that gives impossible values for any of the parame-
ters,47-48 such as a negative value of an equilibrium constant. A fourth is based on the
behavior, while the fit is still in progress, of the values assigned to a parameter char-
acterizing a process that does not actually occur:47 this is applicable to multiple binary
problems but probably not to others.

Two examples will suffice to show the reliability that can be attained and the extents
to which the interpretation of data can be simplified and extended.

There had been much discussion .in the literature of the possibility of classifying an
acid as monobasic or polybasic if the titration curve obtained on titrating it potentiom-
etrically with a strong base shows only a single point of maximum slope,* but no way
of distinguishing between dibasic and tribasic acids on the basis of such data had ever
been proposed. Campbell and Meites44 automated the deviation-pattern-recognition
scheme described by Meites and Barry3' and applied it to titrations of weak bases with
hydrochloric acid. This was a linear problem and a simple one: there are hardly any
monomeric tetra- and higher-functional acids for which all the dissociation constants
are so nearly equal that only a single break appears on the titration curve, and therefore
there were only a few possibilities that had to be considered. Input to the program
consisted only of the coordinates (volume of acid added and pH) of the data points,
the value of the apparent single-ion activity coefficient of hydrogen ion in the support-
ing electrolyte employed for the titration (which can be obtained by ordinary nonlinear
regression from data secured in titrating a base of known identity in the same medium),
the concentration of the reagent, and an estimate of the standard error of a single pH-
measurement. The hypothesis that the base is monofunctional was tested first by per-
forming a fit to the appropriate equation and then scanning the difference between
the measured and calculated pH values in the order or increasing volume of added
acid. Systematic errors were considered to be present if the absolute value of this dif-
ference exceeded three times the estimated standard error of measurement for each of
n consecutive points, where n was at least one tenth as large as the total number of
data points being analyzed. From the previously calculated deviation patterns it was
known that such a group of points would appear near the beginning of the titration if
random errors were absent and the monofunctional hypothesis were incorrect. If the
first such group appeared during the first half of the titration, the difunctional hypoth-
esis was adopted next, and so on, but if it appeared during the second half (so that
the monofunctional hypothesis led to a statistical improbability while a polyfunctional
one could not be reasonably adopted), the logical contradiction was resolved by in-
creasing the estimated error of measurement slightly and repeating the scan. If no such

• Compare the references to the prior literature cited in Reference 31.
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the scan. If no such group appeared anywhere, the current hypothesis was accepted
and the values obtained for its parameters were printed out.

This was applied to data secured in a number of titrations of acetate, succinate, and
citrate ions. With honest estimates of the standard error of measurement, which was
believed to be 0.003 pH-unit, all three of these were classified correctly in every case,
and correct classifications were also obtained with any other estimate between 0.001
and 0.0075 pH-unit. Erroneously large estimates led to the acceptance of hypotheses
simpler than the truth: succinate was classified as monofunctional if the estimate ex-
ceeded 0.06 pH-unit, while citrate was classified as difunctional if it lay between 0.008
and 0.1 pH-unit and as monofunctional if it equalled or exceeded 0.15 pH-unit. Results
like these are to be expected. If the data are extremely imprecise, there is no sure way
to reject the simplest hypothesis that can be formulated, while if they are slightly less
imprecise they may serve to reject that hypothesis but may not serve to reject the next
more complicated one. In such circumstances, the acceptance of a simpler hypothesis
in preference to a more complex one conforms to Occam's Razor. Erroneously small
estimates occasionally led to misclassifications — there were a few titrations of citrate
that gave data leading to a tetrafunctional classification if the standard error of meas-
urement was taken to be 0.0005 pH-unit (!) — but more often such estimates were
adjusted to yield both a correct classification and a close approximation to the stand-
ard error actually involved. The chemical problem here is not very important, but data
like these would not enable the chemist to solve it in any other known way, whereas
automatic classification yields reliable solutions while the chemist is doing something
else.

Titrations with strong acids of the anions of long-chain fatty acids were mentioned
above in this section. Micelle formation and the precipitation of the free fatty acid
HA or the "acid soap" MHA2 may all occur independently at different stages of the
titration, and curves of eight different kinds may therefore be obtained. The classifi-
cation of a particular curve is a multiple binary problem. A program was developed47

that required only the coordinates of the data points and the concentrations of the
fatty-acid anion A" in the solution being titrated, the strong acid used as reagent, and
any alkali-metal (M*) salt present in either solution. The first hypothesis was that each
of the three possible processes occurs at some stage, and crude initial estimates of the
parameters characterizing them were obtained automatically. For example, the critical
micelle concentration C, which is the only parameter I shall discuss, was arbitrarily
taken to be one third of the initial concentration of A'. As the fit proceeds, this esti-
mate is adjusted automatically. If micelles were not actually present initially, the value
assigned to C will increase and will eventually exceed the initial concentration of A'.
The program was so constructed that, if Ccontinued to exceed the initial concentration
of A" for some cycles of computation, the possible occurrence of micelle formation
was rejected, a message to that effect was provided, and the fit was continued with
the parameters that remained.

When this program was described, it had been tested with data obtained in 33 titra-
tions of laurate ion under different conditions. The values of the parameters were
known for laurate ion, so that it was possible to deduce the correct classification of
each titration for comparison with the result obtained automatically. Of 33 titrations,
29 were classified correctly; one was classified incorrectly; and there were three mar-
ginal cases in which a parameter was retained but its value was used in calculating the
pH values for only one or two points and was therefore identified as doubtful in the
final printout. The difference among the various kinds of possible curves are so slight
that the human chemists who performed this work could not correctly classify any of
the three marginal cases without using additional information, and classified 13 of the
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33 titrations incorrectly. The program has since been applied to about two dozen sim-
ilar titrations without yielding another misclassification.

Other automatic classifications that have been devised include an automation of the
well-known DeFord-Hume procedure48 for evaluating the maximum coordination
number of a reversibly reduced metal ion from polarographic data secured with various
concentrations of ligand;46 a procedure for deciding whether a one-term rate equation
and an integral reaction order will account for absorbance-time data obtained in fol-
lowing a chemical reaction;4' and the first part of a scheme for identifying the mecha-
nism of a half-reaction on the basis of current-time data obtained in controlled-poten-
tial electrolysis.40 In all of these diverse cases it has been possible to achieve
classifications identical with, and usually more reliable than, those attained by human
beings, and to do so without requiring human intervention at any stage once execution
has begun. To my mind the greatest difficulty in constructing such programs — espe-
cially those pertaining to branched problems, in which the number of alternative hy-
potheses may be very large, and which are, therefore, probably of greatest importance
in scientific research — arises from the necessity of providing information about all
the hypotheses that cannot be distinguished from the one accepted. This should include
suggestions of further experiments that will be helpful and requires the programmer
to be extremely well informed about the field for which the program is being written.

There is one area in which automatic classification is proving to be conspicuously
unsuccessful, and it has consumed more work than all the other areas to which auto-
matic classification has been applied. It deals with a question that seems simple
enough: "given an absorbance-wavelength envelope showing only one maximum, how
many individual bands does it contain and what are the values of the parameters char-
acterizing each?" The parameters of greatest interest are the wavelength of maximum
absorption and the corresponding absorbance for each of the absorbing constituents.
This question has given rise to much extremely sophisticated work,1250-51 to much dis-
cussion of whether real absorption bands are Gaussian, Lorentzian, hybrids, or some-
thing else, and to much disappointment resulting from the fact that one approach after
another tends to underestimate the number of constituents known to be present.

Despite the undoubted practical importance of the question as formulated, I believe
it reflects a fundamental misunderstanding of the philosophy of science. Its formula-
tion is that of a linear problem. Every linear problem has alternative solutions. For
example, the potentiometric titration curve for the titration of a monobasic weak acid
with a strong base can be exactly duplicated by that for a dibasic, tribasic, or any other
acid for which the ratios of the successive dissociation constants have certain values.
It would certainly be possible to reproduce within any precision of measurement likely
to be attainable in the next century any absorption envelope 100 nm wide by assuming
that there are 10,000 different individual absorption bands, each having a wavelength
of maximum absorption at least 0.01 nm different from that for any other. This is to
say that no linear problem can be solved without invoking Occam's Razor. A more
proper reformulation would be "what is the smallest number of individual bands that
will yield a fit compatible with the precision of measurement?"

Thus altered, the question would be far less difficult. At the same time, unfortu-
nately, the answer to it would be far less useful. In some restricted applications, refor-
mulation as a multiple binary problem might make it possible to secure useful answers:
"the sample may contain n substances, for which the wavelengths of maximum ab-
sorption (Amo,) and half-widths (AA) are equal to Amai,,, AAi, kmax,2, AA2 Ama,,,, AA,,.
Which ones are present, and what is the absorbance of each at its Amo,?" This will also
be doomed if n is very large (or if interactions among the different components affect
their values of Xmax and AA). However, it is a question that might be answered if the
precision of measurement is high enough, whereas the one now generally being asked
is not.

- • „ J
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VI. CONCLUSION

Like pattern recognition,44'15 though in very different ways-and with very different
kinds of data, the techniques described in this article provide chemists with versatile
and searching methods of deciphering the significance of the data they obtain. Nonlin-
ear regression is coming to be fairly widely used, although older techniques are still
allowed to consume more time and trouble than they should. It is interesting that
nonlinear regression has been more widely adopted by scientists and engineers in some
other fields. Pointwise variance analysis is rarely performed, and its most important
potential use — in guiding the design of experiments — still awaits a searching experi-
mental test. Deviation-pattern recognition and automatic classification have been at-
tempted by only a handful of cognoscenti, and our understanding of the potentialities
and limitations of all these techniques is still sadly imperfect. Nevertheless, it is already
clear that those potentialities are great. What is most needed is for others to join in
the development and use of these techniques, and I have written this survey in the
hope that it will help bring this about.
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